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Summary

This thesis is concerned with the study of multi-parameter singular integrals on the Euclidean
space. The Schwartz Kernel Theorem states that translation invariant continuous linear opera-
tors with minimal smoothness conditions are convolution operators. Singular integral operator
theory is concerned with the study of the singular kernels associated with such operators. A
well developed theory exists for the class of Calderén-Zygmund operators and the associated
kernels. This kind of kernels can be seen as a natural generalization of the Hilbert kernel on
R, of the Riesz kernels in R™, and, more generally, of kernels of homogeneous degree —n in
R™. Calderén-Zygmund theory is a one-parameter homogeneous theory since the kernels of
interest are well-behaved with respect to a family of homogeneous dilation with one parameter.
Calderén-Zygmund kernels arise from many problems in linear PDEs and complex analysis. LP
boundedness for p € (1,400) and stability under composition are well known results for such
kernels.

Product-type kernels arise naturally in analysis in several complex variables and PDEs. As a
matter of fact joint spectral functional calculus for more than one differential operator naturally
produce to product structures. Product spaces occur naturally in the heat equation or in the
Shrodinger equation.

Abstractly, product kernels are the result of the extension of Calderén-Zygmund theory to
product spaces. The tensor product of two or more Calderén-Zygmund kernels gives a singular
kernel defined on the product space. The new kernel has a singularity not only in the origin but
also along all coordinate sub-spaces. From the point of view of the associated operators, the
tensor product corresponds to the composition of the original operators acting independently on
the coordinates of the product space. Product kernel theory aims to extend the space of tensor
products of Calderén-Zygmund kernels to a suitably defined completion. This is done mainly
by using multi-parameter dilation techniques, with one parameter for each factor of the product
space. An other idea that is pursued is that product theory can be inspired by vector valued
functional analysis and integration. While avoiding a too abstract approach to such functional
analysis in this thesis, some ideas are shown to be very useful.

This thesis illustrates the adaptation of some important results inspired by Calderén-Zyg-
mund theory to product kernels. These include decomposing a kernel into a multi-parameter
dyadic series of homogeneous dilates of smooth functions concentrated on essentially disjoint
scales and, conversely, finding conditions when such dyadic sums converge to product kernels.
Furthermore, since tensor products of bounded operators on LP remain bounded on LP one can
suppose that this remains true for general product kernels. However, the proof usually used
for Calderén-Zygmund operators does not seem to be generalized to product kernels since weak
L' — L. boundedness fails. A finer technique based on product square function estimates and
product Littlewood-Payley theory is developed to solve this problem. This idea is based on the
quasi-orthogonality of the dyadic decomposition for the kernels.

The second part of this thesis deals with a certain sub-class of product kernels given by
flag kernels. While product kernels are the most intuitive generalization of Calderén-Zygmund



theory to a multi-parameter setting, the singularities are generally too many to work with
directly. Flag kernels have singularities concentrated on a flag or filtration of the space, and not
along all coordinate subspaces. Kernels with such an ordered structure of singularities appear
more often from concrete problems than general product kernels. A multi-parameter theory for
flag kernels similar to the one for product kernels is developed. We also show that even though
flag kernels form a sub-class of product kernels any product kernel can be written as a sum of
flag kernels adapted to different flags.

These results were already present in literature. Flag kernels were introduced by nagel2001singular
in nagel2001singular, nagel2001singular, nagel2001singular. A large portion of the above
paper is dedicated to applications of product-type singular integral operators. Here we develop
the results and provide detailed proofs based on the ideas contained in the part of that paper
dedicated to the general theory of flag kernels.

In this thesis we also establish several new results. While the question of whether changes
of variables conserve product and flag kernels will be addressed in a forthcoming paper by
Alexander Nagel, Fulvio Ricci, Elias Stein, and Richard Wainger, they deal only with polynomial
changes of variable. We show that the classes of Calderén-Zygmund, product and flag kernels
with compact support are stable with respect to generic smooth changes of variable that have
the geometric property of fixing the singular subspaces. These results and the techniques we
use can be the first step to studying product-type singular integral operators on manifolds.

Furthermore an attempt is made to develop a basic functional calculus for product singular
integrals with respect to derivation, multiplication and convolution. This is done by introducing
kernels of generic pseudo-differential order. We establish some useful facts but show that some
properties may fail except for a restricted range of pseudo-differential orders.

Finally we show how this functional calculus can be used to establish an approximation
result for kernels composed with changes of variable.

vi



Chapter 1

Introduction

1.1 Singular integrals: generalities

The study of singular integral operators, in most generality comes from the Schwartz Kernel
Theorem.

Theorem 1.1.1 (Schwartz kernel Theorem).
Let T : S(R™) — S'(R™) be a linear continuous map. Then T has an associated distribution
K € S'(R™ x R™) such that for any ¢ € S(R™) the distribution T'¢ acts in the following way:

(To; ¥) = (K; p@79)

for all ¥ € S(R™). Such a distribution K 1is called the kernel of T. Vice-versa any kernel
K € S'(R™ x R™) defines a continuous linear map from S(R™) to S'(R™) by the above relation.

It often occurs that one is presented with a linear map T" whose functional properties are
not known. If a very weak type of continuity on the map can be assumed, in particular the
component-wise continuity of the bilinear map

(i, ) = (T'p; )

on S(R™) x S(R™), then by using Theorem one can get the existence of the associated
kernel K and then try to get a priori estimates by studying the kernel directly. This kind of
formulation occurs as the natural generalization of many problems in PDEs, complex analysis,
and spectral theory.

In spectral theory, we can consider the following easily stated problem. Consider the self
adjoint operator i% on H'(R) and the associated spectral measure u. Any Borel, a.e. finite
function m on R defines, by functional calculus, a possibly unbounded operator on

m (i) /R m\)du(\)

on L?(R). Using the Fourier transform one can prove that if m has some minimal regularity
then m(i%) acts by multiplication on the Fourier transform side. We have

m(id) e = F 7 (m©?())

and this holds for those m for which the right hand side is well defined. The hypothesis of

d
dx

Theorem |1.1.1] are satisfied so m (i%) has an associated kernel. More in general, since ¢
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commutes with translations, m (i0;) also commutes, and by an extension of Theorem the

d

kernel is determined by the diagonal and so m (ig; | is a convolution operator

m(i%)gpzap*k

for some K € §'(R™). It is fairly easy to see when m <i%> is bounded on L?(R). Both spectral

theory and Fourier theory tell us that we have boundedness if and only if m € L*(R). A
question that naturally arises is when do we have boundedness for other functional spaces like
LP(R) with p # 2.

A fairly basic question that arises in PDEs and also has a natural formulation in terms of
singular integrals comes from the definition of Sobolev spaces. By definition, WP (R") is the
space of functions in LP(R™) such that all the weak derivatives of order up to n are also in
LP(R™). A norm on this space is given by

def o
||f”Wm7P(Rn) = Z HawaLP(R”)'

la|<m

But is it sufficient to control LP norm of f and the LP norm of its the highest order derivatives
to control the W™P(R™) norm? In particular if m = 2k is the norm

£l + | A%

LP(R)

equivalent to the W P(R™) norm? It is evident that the latter is coarser. So we need to see if
the identity mapping is bounded from the latter norm to W™P(R™). Suppose that f € S(R™).

Taking the Fourier transform we ask if F~! (|§ ]% f(§ )) and f are in L? then can we deduce that
F e (€)) is in LP for || < m? This would follow from the boundedness of the convolution
operator f — f *x K with K such that

oo g

14 €™

Finally, singular integrals arise frequently in complex analysis. The most well known example
is the Hilbert transform on R given by the convolution with the kernel PV Y,. Suppose that we
have a real function f(z) € C2°(R). There is a unique extension to a harmonic function on the
upper half plane with f as its boundary condition. Such a function u is given by convolution
with the Poisson kernel:

L[t t
u(e,t) = f* P(z) = — f(s)mds
where 1 ¢
Pl = mre

To study when the boundary value of u(z,t) as t — 0 is f in some adequate sense it is sufficient
to study the kernel P;. As ¢t — 0 it is an approximate identity and so for u € LP(R) for all
p € [1,4+00) we have norm and poinwise a.e. convergence. A natural problem that arises if f is
complex-valued and one interprets the upper half plane as the complex domain {z € C | Sz > 0}
is when there is a holomorphic function F(z) on the upper half plane that has f as its boundary
value in some sense. We know that if u is harmonic there is a unique harmonic conjugate



function v(z) such that u + v is holomorphic on the upper half plane. Since the holomorphic
extension to the upper half plane is unique and is given by the Cauchy integral formula

F(z) = : /+OO §Rf(z)dz

T J_so R0 — %R

we have that the harmonic conjugate of u(z) is v(z) that is given by the convolution with the
conjugate Poisson kernel @); such that

7

Pt + ZQt(ﬂf) = .

(@ +it)
SO 1
x
W)= Tore

However @Q; is not integrable. For ¢ — 0 it is not an approximate identity but it tends to the
Hilbert kernel

1
Qi — PV — ast — 0.
T

For f to have a holomorphic extension to the upper half plane it is thus necessary that the
H Rf = Sf where H is the Hilbert transform, that is given by the convolution with the Hilbert
kernel .. The Hilbert kernel is the test case and historically the most important singular
integral operator. Most of the theory illustrated in this thesis deals with kernels that have
properties that are generalizations of the ones that are typical of the Hilbert kernel.

We have made some examples of singular integral operators. Usually one cannot study
this kind of operators in a completely abstract way without any hypothesis on K. We usually
require some kind of additional regularity conditions on K. We usually suppose that K at least
coincides with a L} . function on a “large” set, for example on R™\{0}. In this thesis we will do a
brief overview of the classical translation invariant Calderén-Zygmund theory showing how the
Calderon-Zygmund kernels are well behaved with respect to dilation structure of R™. The thesis
will concentrate on developing a multi-parameter generalization of this theory by introducing
product spaces and generalizing tensor products of Calderén-Zygmund kernels. We will prove
a boundedness result similar to the one available for Calderén -Zygmund kernels and illustrate
some of the difficulties that arise when developing a functional calculus for such kernels. Finally
we will present an original result about the stability of the above classes with respect to changes
of variable with certain geometric properties.

1.2 Calderén-Zygmund theory: motivation

The Hilbert kernel has a set of very important properties. It is a homogeneous kernel of degree
—1, that is minus the dimension of the space. For a distribution to be homogeneous it is in
general not sufficient for it to coincide with a homogeneous function outside the origin. As a
matter of fact, the Hilbert kernel is homogeneous of degree —1 because for any test function ¢

we have that ) .
(Pv Lietr)) = (Pv Lot}
T T

The Hilbert transform is also smooth away from the origin. Finally it is an odd kernel and this
provides for a “cancellation condition”. As a matter of fact % is not integrable neither in 0 nor
at oo but since the kernel is odd

1

lim —(x)
e—0 e<|z|<e1 ™

3



exists for any bounded function with at least Holder regularity. It is easy to see that PV Y,
and dy are the only kernel on R with the above properties (homogeneity, cancellation). However
this does provide us with an idea of how to generalize this type of kernel.

On R™ a kernel of homogeneous dimension —n is given by K = PV 1/‘$|nQ(w) + ¢dg with
c € C, where Q is a distribution on the unit sphere S"~! and

1 i 1
<PV WQ(W); cp(x)> = Eli%h . - <Q(w); cp(rw)>Sn_1 dr.
The above expression is homogeneous of degree —n however it is not always well-defined. In
particular the limit on the right hand side exists only if

<Q; 1>S"71 — 0.

Some examples of often encountered distributions of homogeneous degree —n are the Riesz

kernels
Tk

R =PV
k ||t

that are the equivalent to the Hilbert kernel in higher dimension.

However we would like to generalize this class of kernels further. In particular the assumption
on the homogeneity of the kernel can be too restrictive. Calderén-Zygmund kernels are a class
of kernels that are not, per se, homogeneous but are homogeneous as a class. In particular
a homogeneous rescaling of order —n transforms a Calderén-Zygmund kernel into an other
Calderon-Zygmund kernel with similar properties.

1.2.1 Homogeneity and dilations on R"

First of all we will be introducing some basic terminology on the Euclidean spaces on which
Calderon-Zygmund kernels are defined and on different homogeneous structures they can posses.

First we define the necessary properties and structures a set must possess for it to be
possible to formulate a theory that relies on homogeneity. We will omit most of the proofs that
are classical.

Definition 1.2.1 (Quasi-distance).
Let X be a set. A quasi-distance is a mapping d : X x X — RT U {0} that satisfies the following
properties:

Positivity d(z,y) >0 for all 7,y € X;
Coincidence d(z,y) =0 if and only is © = y;
Symmetry d(z,y) = d(y,z) for all z,y € X;
Relaxed triangle inequality there exists a ¢ > 1 such that
d(z,2) < c(d(z,y) +d(y,2)) (1.2.1)
forall x,y,z € X.

The lower bound of the admissible constants in (1.2.1)) is called the triangle constant.
A space (X,d) with a quasi-distance d is said to be a quasi-metric space. The usual notions
of generated topology, completeness, etc. apply also to quasi-metric spaces in the expected way.

4



Definition 1.2.2 (Doubling measures and spaces of homogeneous type).
Let (X,d) be a quasi-metric space. A measure p on (X,d) that satisfies

p(B(z,2r)) < cp (B(z,1)) (1.2.2)

for some ¢ >1 and all x € X and r > 0 is called a doubling measure. (X,d, ) where (X,d) is
a quasi-metric space endowed with a doubling measure u is called a space of homogeneous type.

We now illustrate the natural way to endow the Euclidean space with such a structure of a
homogeneous space.

Definition 1.2.3 (Non-isotropic family of dilations).
Consider the d-dimensional Euclidean space R:. Given some exponents A1, ... g € N, a family
of linear mappings

re(x1,...,2q) — (r’\lxl, .. ,r)‘dacd)

with r € RT is called a non-isotropic family of dilations on X. We have that such that for any
ri,re € RT
Ty (TQ ' (:Ulw"axd)) =nrrz- ($1,...,$d>
A vector v € R" such that (r-v); = r)‘vj for some A € N for all r > 0 and for all coordinates
jeA{l,...,d} is called an eigen-vector of the family of dilations

Definition 1.2.4 (Homogeneous norms).

A homogeneous norm on R? is a function ||| : X — Rt U{0} that satisfies the following
properties:
Continuity |-|| is continuous on R%;

Coincidence ||z| = 0 if and only if x = 0;
Symmety ||z|| = ||~z for all z € R%;
Homogeneity ||r-z| = r||z| for all z € R? and r € RT U {0}.

Proposition 1.2.5 (Properties of homogeneous norms).

1. Given a non-isotropic family of dilations there exists a compatible homogeneous norm.
Furthermore there exists a choice of a homogeneous norm that is smooth away from the
origIn.

2. A homogeneous norm satisfies
lz = 2| < e (|l =yl + [ly — =)

for some ¢ > 1. The function
d(z,y) = [z -yl

is a semi-distance.

3. The homogeneous norm and the induced semi-distance determines a topology on R™ that
coincides with the standard Euclidean topology.

4. The Lebesgue measure on R™ is doubling with respect to the semi-distance. In particular
L"(B(x,2r)) =21L"(B(x,r))

for any x € R™ andr > 0. g = Z?Zl i is called the homogeneous dimension of R™.

5



The above properties show that R™, endowed with a non-isotropic family of dilations and
the corresponding homogeneous norm, is a space of homogeneous type.

From now on ||z|| will indicate a certain (smooth) homogeneous norm, r - z will indicate the
action of the dilation with parameter r > 0 on = € R™. |z| indicates the standard Euclidean
norm of z. Dealing with a homogeneous theory we will recur heavily to dilations of functions.
Given a function f on R", for R € RT we define the scaled function in the following way:

FB (@) L Rp(R - ).

This rescaling dilates the function f by a factor R but it maintains its L' norm and its integral.
Consequently we say that a distribution K € D'(R™) is homogeneous of order p if

(K ) = 1 (K )

for any test function ¢. If we choose a multi-index of derivation o € N" then we indicate
by |a| = >77_; a; its standard length and by |[af| = >°7_; Aja; its homogeneous length. The
rationale for this notation is given by the fact that we have

92 (@) =l 020) ) )

We also introduce functional spaces that take in account the non-isotropic family of dilations
present on R™. While classical Sobolev spaces treat derivation in each direction in the same
way we can generalize Sobolev spaces to account for different dilation exponents along different
directions. It is useful to notice that a non-isotropic family of dilations on R™ naturally induces a
non-isotropic family of dilations on the dual space (R")* ~ (R™). Let £ € (R™)* then (R-&)(z) =
&R -a).

On R" endowed with a non-isotropic family of dilations we define the differential operator
L by setting

—Lo(@) = F (JIgl* 2(©))

where we have chosen |z|| and thus [|£]| to be a smooth homogeneous norm. £ is a densely
defined self-adjoint negative operator on L?2.

Definition 1.2.6 (Non-isotropic Sobolev spaces). R
Let f € L?>(R"). For s > 0 we say that f € H*(R™) if f is locally integrable and

| (1 1€) Fe)Pag < o
Furthermore H?® is a Hilbert space with the norm given by
191 = [ (14 16l?) 7@ P
R~

For s < 0 the spaces H* are defined as the duals to H™*. They are given by the distributions
f € S'(R™) such that f is locally integrable and

[ (+1687) " Fopas < .

The space H? is the domain of the self adjoint operator (—£)5/2.
We finally define cutoff functions, that turn out to be very useful in the study of singular
integrals.



Definition 1.2.7 (Cutoff function).
Let 2 € C ([0,1)) such that 0 < E(t) <1 and E(t) =1 for t € [0,%]. A cutoff function n on
R™ is
def —
n(x) = E([|[]). (1.2.3)
From now on, with an abuse of notation, we will indicate the distribution - test function
duality pairing in the following way:

| K@)p()ds = (K )

1.2.2 Definition of Calderén-Zygmund kernels

We will now see the definition of Calderén-Zygmund kernels. Low regularity theory is beyond
the scope and interest of this thesis so we will define the class of smooth Calderén-Zygmund
kernels. In literature the definition is often given in a different manner and involves much fewer
smoothness assumptions. Furthermore, sometimes it is asked that the operator associated with
a Calderén-Zygmund kernel K be L? bounded. For convolution operators this is equivalent to
asking the boundedness of the multiplier K. However we avoid this approach and characterize
smooth Calderén-Zygmund kernel directly in terms of the cancellation property that is expressed
as the boundedness of K on dilates of a certain class of test functions.

Definition 1.2.8 (Normalized bump function).
A smooth function ¢ € C2°(R™) is a b-normalized bump function if it is supported on the unit
ball Brn(0,1) of R™ and is normalized with respect to the C® norm i.e. ||¢|lco < 1.

Definition 1.2.9 (Calderén-Zygmund kernel).

Consider the Fuclidean space R™ endowed with a family of dilations and with the associated
homogeneous norm. Let K € S'(R™). K is in the class CZ of Calderdn-Zygmund kernels if,
away from the origin, K coincides with a smooth function i.e.

Kooy € € (RT\{0D)

and it satisfies the following two kinds of conditions:

Size conditions
102 ()] < Cl || o711 (1.2.4)

for all x # 0 and for any multi-indez «.

Cancellation condition For all R > 0 and all b-normalized bump functions ¢ there is a
constant C. > so that the inequality

K(z)p(R™' - z)dz| < C. (1.2.5)

R

holds. It can be shown that the definition does not depend on the order of normalization
b as long as b > 1. For a proof in the more general case of product kernels refer to
Proposition |2.4.11| in this thesis.

We say that a family of kernels in CZ is uniformly bounded if there is a choice of constants so
that the inequalities (1.2.4)) and (1.2.5)) hold uniformly for the whole family.

We can easily see from the definition that the class is homogeneous of degree —g in the sense
that if K € CZ, then for » > 0 the kernels

K"(z)=r"9K(r " 2)
are a bounded family in CZ. It suffices to check (|1.2.5)) and ((1.2.4)) explicitly.

7



1.2.3 Fourier transforms of CZ kernels and the dyadic decompositions

A useful theorem characterizes Fourier transforms of CZ kernels. As a matter of fact the L?
boundedness usually required in other definitions of Calderén-Zygmund kernels follows from the
boundedness of the multipliers of the operators associated with CZ kernels as defined here. We
have the following theorem.

Theorem 1.2.10 (Fourier transforms of CZ kernels).
Let K € CZ be a kernel. Then its multiplier K is a smooth Mihlin-Hormander multiplier i.e.

K € LN C®R"\ {0})

and

R ()] < Calig) !

for € #£ 0 and any multi-indez .
Vice-versa the inverse Fourier transform of a smooth Mihlin-Hormander multiplier is a CZ
kernel.

The homogeneity of the class of Calderén-Zygmund kernels is also reflected in the property
of the dyadic decomposition and convergence of dyadic sums.

Theorem 1.2.11 (Dyadic sums).
Let {p;}iez € S(R™) be a uniformly bounded sequence of Schwartz functions with zero mean i.e.

/ @i(r)dz = 0.
Then the dyadic sum
Do @) =2 )
i€z €z
converges in the sense of distributions to a CZ kernel. Furthermore the partial sums of the
series are all uniformly bounded in CZ.

This theorem can be proven by taking the Fourier transform of the series and verifying, via
size estimates, that the sum converges to a Mihlin-Hoérmander multiplier.

1.2.4 Calder6n-Zygmund operators

Calderon-Zygmund operators, the convolution operators associated with CZ kernels, are bounded
on L? for all p > 1. Theorem [1.2.10] provides us with the boundedness of the multiplier associ-
ated with a kernel in CZ so we have L? boundedness of the associated operator.

For L' there is no strong boundedness result. However we can introduce the space L. .

Definition 1.2.12 (L. space).
The space L} ((X, ,u)) is the space of those measurable functions f for which the following
quasi-norm is finite
1l =supt™p ({[f] > }) .
t>0
We say that an operator T is L' — L. bounded if there exists a constant C such that for all
feLll(X)
ITfls < C Il

8



We can prove L' — Ll boundedness for CZ operators using the Calderén-Zygmund decompo-
sition (see [duoandikoetxea2001fourier]). Strong LP boundedness for p € (1,00) is obtained
by the use of interpolation and duality theorems.

Theorem 1.2.13 (L? boundedness of Calderén-Zygmund operators).
Let K € CZ and let T be the convolution operator associated to K :

Te=pxK
for all p € S(R™). Then the following inequality holds for all p € (1;400):

1Tl < Cpllelle

and T admits a unique extension to a bounded operator on LP(R™).

1.2.5 Kernels of arbitrary order

It is easy to see that the operators associated to kernels in CZ admit an extension to bounded
operators on H® for any s € R. For this reason it makes sense to define the class of distributional
derivatives of such kernels. As a matter of fact for s € {z € C | Rz > —q} the expression (—L£)72
defines an unbounded operator on L? that is well defined for ¢ € S(R"). By duality we can
define the operators (—£)72 K so that for all ¢ € S(R™) we have

/n <(—E)S/QK(:U)) o(z)dz def /n K(x) ((_g)s/zgp(x)) da.

Using this property we can define the class CZ(v) of Calderén-Zygmund kernels of orders v >
—q, v € R, by imposing that K € CZ(v) if and only if there exists a kernel K € CZ such that
K= (-L)"K.

It can be verified that the following is an equivalent definition for CZ(v) if one supposes
that v > —q.

Definition 1.2.14 (Calderén-Zygmund kernels of non-zero order).

Consider the Fuclidean space R™ endowed with a family of dilations and with the associated
homogeneous norm. Let K € S"(R™). We say that K is in the class CZ(v) of Calderdn-Zygmund
kernels if, away from the origin, K coincides with a smooth function i.e.

e 0 (RN \ {0})

K
R7\{0}
and it satisfies the following two kinds of conditions:

Size conditions

09K ()] < O [|acf| 727~ (1.2.6)
for all x # 0 and for any multi-indez «.

Cancellation condition For all R > 0 and all b-normalized bump functions ¢ the inequality

R K(z)p(R™' - z)dz| < C. (1.2.7)

R

It can be shown that the definition does not depend on the order of normalization b as long
as b > v. The proof is given in a more general case in Proposition |2.4.11].

9



We say that a family of kernels in CZ(v) is uniformly bounded if there is a choice of constants
so that the inequalities and hold uniformly for the whole family.

Furthermore it can be checked that, for —¢ < v < 0, if K € CZ(v) then K € CZ(—q — v).
Furthermore, dropping the condition ¥ > —¢q in Definition allows us to define the classes
CZ(v) for all v € R and the property of the Fourier transform still holds.

Theorem 1.2.15 (Fourier transforms of CZ kernels of arbitrary order).
For any v € R the Fourier transform maps CZ(v) — CZ(—q — v).

Notice however that by defining CZ(v) like this it is in general not true that K € CZ(v) =
(—£)2K € CZ(v+s). In particular the implication can fails if either v < —g and v +Rs < —q.
In any case the above expression is well defined only for Rs > —q.

For a certain range of orders v € R we can establish some useful boundedness properties of
the associated convolution operators.

Theorem 1.2.16 (Boundedness on Sobolev space spaces).
Let K € CZ(v) with v > 0. Then the convolution operator T associated to K extends to a
bounded operator
T :H(R™) — HY(R™).
for any s € R.

Theorem 1.2.17 (Convolution algebra).

Let K1 € CZ(v) and Ko € CZ(pu) with v, > —q and v + p > —q. Then the convolution of the
two kernels is well defined. If T1 and T are the convolution operators associated to Ky and to
Ky the the composition operator T1 0Ty is well defined on S(RN) and the kernel of the associated
operator is K x Ky.

We will prove these last two properties in the more general case of product kernels in Sections

2.9 and 2100
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Chapter 2

Product kernels

2.1 Product spaces

Product type operators and distributions rely on the properties of RV considered as a pro-
duct space. This section is dedicated to some basic properties and notation necessary to start
developing a theory of product and flag singular integrals.

From the most general point of view we can consider two sigma-finite measure spaces
(X, 2, px) and (Y, %, uy). Classical measure theory provides us with the possibility of defi-
ning a sigma algebra and a measure on the space X xY compatible with the product structure.
The following is a consequence of Carathéodory’s extension and uniqueness theorems.

Corollary 2.1.1.

There exists a unique measure px ® py on (X x Y, 2 @ %) defined on the sigma algebra
Z @ % such that for any rectangular sets A x B C X xY with A € 2 and B € % we have
that px @ py (A x B) = px (A)py (B).

The sigma algebra 2" ® % is the sigma algebra generated by the rectangular sets {A x B |
Ae X, Be¥}.
We also recall the famous Fubini-Tonelli theorem that concerns product measure spaces.

Theorem 2.1.2 (Fubini-Tonelli).

Let f : X XY — R be a measurable function. For any x € X the function y — f(z,y) is
measurable. The same holds for any y € Y and the function © — f(x,y). Furthermore if f is
non-negative or integrable then the functions

xH/}/f(x,y)d,uy(y) y+—>/Xf(:U,y)duX(m)

are measurable and the following equality holds.

[ sty = [ ( / f(w)dx) ay= | ( / f(x,y>dy> da

The proof of the above and an introduction to abstract measure theory can be found in
[evans1992measure].

The study of spaces of functions on product spaces can be carried out using vector-valued
Bochner integral theory. The definition and basic properties of the Bochner integrals can be
found in [yosidal978functional]. In particular we have the following result.
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Theorem 2.1.3 (Product LP spaces).

For any p € [1,+00], the functional space LP(X XY, 2 @ ¥, ux @ py;R) is naturally isometric
to the vector-valued LP spaces LP(X, Z ,ux; LP(Y,% ,uy)) and LP(Y, % py; LP(X, 2, ux)).
Explicitly, the isometries associate the mappings x — f(x,-) and y — f(-,y) to a function
ferP(X xY).

Proof. 1t suffices to prove that the mappings = — f(z,-) and y — f(-,y) are strongly Bochner-
measurable. Fubini-Tonelli theorem guarantees that the correspondence is then an isometry.
More precisely the linear mapping f +— (x — fl(x, )) defined on the functions f(z,y) € LP(X x
Y) is such that (z — f(z,-)) € LP(X; LP(Y)) is a linear surjective isometry since

Wy = [ 1failPdody = [ 17 4 = 1 pcaniry-
XxY

We must prove that the above mapping is densely defined. Let f € LP(X x Y'), then there is a
sequence of simple functions f,, € LP(X x Y) that converge poinwise a.e. and in LP to f. Let
us write

Ny,
fn = E an,ilCnyi
=1

where a,, € R\ {0} and C),; are 2~ ® % measurable sets that are pairwise disjoint for every
n in the sense that for all n € N if ¢ # ¢’ then Cy; N C, v = 0 . However, by Carathéodory’s
theorem, on 2" ® % the outer measure generated by rectangular sets coincides with ux ® py.
This allows us to approximate f with simple functions built up using only rectangular sets.

As a matter of fact for any € and for any (), ; we can choose a sequence of pairwise disjoint
rectangular sets Dy, ; i = Ay ; ; X By  such that

My, ;

px @ iy (Cr) = > pix ® py (Dnij)| < 27" elan,| ™.
j=1

Setting

Ny, Mn,i
fn - E E a’TL,’Llan’i’j

i=1 j=1

Using a diagonal procedure setting ¢ = ¢, = 27" we get a sequence of functions g, € LP(X xY)
converging to f in LP. The functions g, are simple and are built using characteristic functions
of rectangular sets. In particular, using the Fubini-Tonelli theorem, we get that the mappings
x — gn(x,-) are simple vector-valued functions in LP(X; LP(Y)). This concludes the proof. [

we have that

o= Fn

<e.
LP(XxY)

All the above properties and proofs are valid by induction for any finite product of measure
spaces. If the factors are not merely measure spaces but have additional structures the product
space can inherit these structures and present more complex properties. We avoid intermediate
steps and we concentrate directly on spaces that are involved in classical Calderén-Zygmund
theory i.e. spaces of homogeneous type and especially Euclidean spaces.
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2.1.1 Multi-parameter structures on product spaces

In this section we illustrate what we mean by multi-parameter structures on product spaces.
The contents herein mainly concern notation.

Suppose {Hp}re(i,...ap is a family of spaces of homogeneous type. The product space
@Z:i Hy is also a space of homogeneous type. The product measure is doubling and the
doubling constant in for @i:l Hj, is bounded from above by Hizl ¢k, where ¢ is the
doubling constants for Hy, for each k respectively.

Now suppose that each Hj is an Euclidean space. We indicate vectors in Hj by writing
xp, € Hy. The topological dimensions of the spaces Hy,..., Hy are ni,...,ng respectively and
so H; ~ R™ and @Z:l Hi ~ RN with N = Zizl ng. We indicate vectors in the product space
as T € @zzl Hj. We write

x=(x1,...,2q) or x=x1D...PH Tk (2.1.1)

Let each space Hj, be endowed with a (non-isotropic) family of dilations as in Definition m
By choosing homogeneous coordinates on Hy, for every k € {1,...,d} we can write z; =
(Xk1s-- s Thp,) and 7 -z = (r’\k»lxm,...,rAkﬁ"kkak) where Ay are the exponents of the
dilations relative to the I*" coordinate in Hy. The product space @2:1 Hj, inherits the dilation

structure. As a matter of fact a natural family of dilations on @zzl Hy, is given by
rex=(r-x1,...,7 9.

Let ¢ be the homogeneous dimensions of Hj, given by g = Z?:’“l Ak- Then the homogeneous
dimension of @Zzl Hyis Q = ZZZI qr and xp; with £ € {1,...,d} and | < nj are a set of
homogeneous coordinates.

However @2:1 Hj. has a more complex homogeneous structure. The dilations on each factor
are independent so we can introduce a multi-parameter family of dilations by setting

r-:l:d:d(rl-ml,...,rdwd) (2.1.2)

for every r = (r1,...,7r4) € (RT)% In this multi-parameter notation we will indicate the set of
topological and homogeneous dimensions of the factors as n = (ny,...,ng) and g = (¢1,...,94)
respectively. By abuse of notation we will indicate the 96 homogeneous norms on the factors

of @Zzl Hy, by ||-||. It will be clear to which norm we are referring to because of the different
vectors they are applied to. Possible equivalent homogeneous norms on @Z:l Hj, are

el = llza]l + ..+ llzal
|| = max x
) =, masc x|

1/2
el = (laal® + ..+ llzal?)

The last of these three is smooth if the homogeneous norms on each space are smooth.

It is useful to notice that one can reason conversely. Suppose that the Euclidean space
RV is endowed with a one-parameter (non-isotropic) family of dilations as in A multi-
parameter, or product space, structure can be introduced by choosing a product decomposition
RN = @%ZlHk where {Hk}ke{17.._7d} are a set of subspaces invariant with respect to the given
family of dilations. The dilations on R™ restrict to each Hj, independently and provide each
subspace Hj, with a family of dilations. These structures in turn provide RV with a multi-
parameter structure.
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Finally, we also use the following notations when dealing with product spaces. It is useful
to introduce multi-indexes when working with derivatives on product spaces. In particular if
oy € N™ are multi-indexes on each factor Hj, then we write the multi-index

def

a= (a,...,aq) (2.1.3)
where we admit the expressions
f d < def
x> H Tt = H H :c(,:f}’j and 0% = Oyt - Ozl (2.1.4)
k=1 k=1j=1

for any smooth function ¢ on @Z:l Hy.

Let J C {1,...,d} be a subset of indexes relative to a given product structure on RY. We
indicate by H; the product space €@ ey Hj intended both as a subspace of @i:l H;, ~ RN and
separately as an abstract vector space. If € @}_, H, then @ & 7, (x) where mp, is the
canonical projection from @i:l H), onto H. In this case also s can be seen as a vector in RY
or it can be naturally identified as an abstract vector in H;. We indicate by H e Je with
J¢={1,...,d} \ J. Once again if we identify H; and H(j as subspaces of RY then we can
write for any & € RY the equality = x; @ x(y). If J consists of only one element j then we
have ¢ ; = z;. Analogously we will write x ;) def x(y) with J = {j}. A similar notation applies
to multi-indexes. The multi-index a; € NIV | is such that

Oé_]Z(Oéjl,...,Ozjm> (2.1.5)

with J = {j1,...,]js}. However, by a slight abuse of notation, when we write the multi-index
oy applied to vectors in the product space & we mean

ap ifkeld
(8] _=
Tk 0 ifk¢J

so that for example the equality
% = ¥ >

holds. We can also easily define the size of multi-indexes. We have that ||a| = ||aa]|+. ..+ | aall
is the homogeneous size of the multi-index v and || = |a1| + ... + |aq4] is the standard size.

Dealing with multi-parameter homogeneous theory we recur heavily to dilations of functions.
Given a function f on @Zzl ~ RN for R € (R")? we define the rescaled function in the following
way:

fB (@) CRIf(R @) =R ... R;“f(R - 2,..., Ry zq). (2.1.6)

This rescaling dilates the function f by a factor R but it maintains its L' norm and its integral.

Product Sobolev spaces

On Euclidean product spaces we also introduce functional spaces that take in account the dif-
ferentiability properties of functions. Since we are dealing with Euclidean spaces it is straight-
forward to generalize H® Sobolev spaces.
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Definition 2.1.4 (Product Sobolev spaces).
Let RN = @Z:l Hy, be a product space and let s = (s1,...,57) € R be a multi-order. The

product Sobolev space H* (@Zzl Hk) is the space of tempered distributions f such that f is

locally integrable and has finite H® norm
def d ~
113 = /RN LT+ lgel®)1£€)I7de. (2.1.7)
k=1

The space H® (@izl Hk) endowed the norm (2.1.7)) is a Hilbert space.

Notice that the Sobolev norm makes use of the homogeneous norm for the weight on the
Fourier transform side. It is also useful to introduce standard isotropic product Sobolev spaces
even when working with factors with non-isotropic delations.

For product spaces we have the following lemma that is a direct adaptation of results for
classical Sobolev spaces.

Lemma 2.1.5.
Let f € HS(RN) with s such that s, > %/ for all k € {1,...,d}. Then f € L'(RY) and if
e € (RT) is such that sy > %/ + & then

g

In particular, for such s and e, H*(RY) € Co(RN) and the inclusion is continuous.

L @I+ Ll (1 ) od < C.

2.1.2 Distributions, product distributions and (partial) duality

We now proceed with some preliminary questions of notation and basic properties of distri-
butions on product spaces. Suppose, as before, that we are working on a product space
@zzl H;, ~ RN, Given a distribution K € S'(RY), by an abuse of notation, we indicate
with

def

o K(z)p(x)dz = (K; @) (2.1.8)

the duality pairing with any ¢ € S(RY). On the other hand given a test functions ¢ € S(Hy)

for all k € {1,...,d} we can naturally construct the test function
def 1o
1 ®...®pq(x) = [] enlan)- (2.1.9)
k=1

The mapping ) : XZ:l S(H}) — S(RY) thus defined is continuous and multi-linear.
Since RY is endowed with a product structure it is often useful to consider partial duality
pairings. For any ¢ € S(Hy) we define

K () (i) dwy
Hy,

as the distribution in S'(Hj)) given by the relation
def
< . K(x)y(w)dwy; 90> = (K; o®¢) = /RN K(z)y(zk)p(e ;) de (2.1.10)
k

15



for any ¢ € S(H()). More in general for any subset of indexes J C {1,...d} and for any
Y(xy) € S(Hy) and p(x(y)) € S(H(s)) we have

< . K(x)y(xs)dz ; 90> =< . K(z)p(x(5))dzs); 1l)> dzef/K(wW(wJ)sO(ﬂﬁ(J))diU
() (2.1.11)

Many results from standard distribution theory can be adapted to this product setting. We
define partial convolution with a Schwartz function ¢ € S(H;) as

o *5 K(x) :/ oy —y)K (yJEBw(J)> dy,. (2.1.12)
Hy
We have that the duality relation for convolution assumes the following form:

/R (oK) @u(e)de = [ K@) (@ 0) @)de (2.1.13)

where ¢ def ¢ o (—1Id) and the relation holds for ¢ € S(H;) and ¢ € S(RY). It is easy to see
that if ¢, € S(Hy) is an approximate identity then ¢, x; K — K.

Special product test functions

In the study of singular integrals we frequently use some test functions with special properties.
Most of the times the special properties we ask are not strictly necessary, but are included
to simplify otherwise more cumbersome proofs or properties. Here we recall some of these
cases and ask some additional properties to make these classes of functions well suited for a
multi-parameter theory.

We begin with cutoff functions.

Definition 2.1.6 (Product cutoff functions).
Let ny(zy,) € D(Hy,) be cutoff functions on Hy, for every k € {1,...,d} as defined in[1.2.7 We
say that

d d
n@) 2| Q| (@) = [ mlar) (2.1.14)
k=1 k=1

1 a product cutoff function.
Now we turn to approximate identities.

Definition 2.1.7 (Product approximate identities).
Let (@kn)neN € D(Hy) be an approzimate identity on Hy, for every k € {1,...,d}. We call
(@n)nen € D(RN) a product approzimate identity when

d d
en(x) & ®§0k,n (x) = H Ok (Tk)- (2.1.15)
k=1 k=1

As approzimate identities we will take rescaled L*-normalized cutoff functions:

27"
) = e (@) ) — 0 (x
Pkn(T) T )y on(x) = % (x). (2.1.16)
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2.2 Product kernels

We will now proceed to introduce new class of singular integrals that generalize Calderén-
Zygmund kernels to product space. In Section of the introduction we have seen that the
class of Calderén-Zygmund kernels is naturally adapted to a one-parameter family of dilations.
On product spaces it is natural to introduce a multi-parameter dilation structure and to study
multi-parameter homogeneity. The most direct approach to multi-parameter theory is to start
with tensor products of Calderén-Zygmund kernels on product spaces.

From the point of view of the associated operators, product kernels also tend to appear
naturally. Consider the Euclidean space R? = R @ R considered as a product space and the two
operators given by the Hilbert transforms along the coordinates

def

Hip = ¢ xg PV Yy,
def

Hop = @ kg, PVY,,

where
(90 *1q Pvl/m) (thQ) = lim 90(551 - 37x2)571d3 (2'2‘1)

e—0 |s|>e

and Hs is defined similarly. These operators are initially defined on test functions in S(R?) and
the relation is meaningless for functions ¢ in other spaces like LP since any line has zero
Lebesgue measure. However these operators do admit a bounded extension to LP(R?). Even
though the one-coordinate Hilbert transforms are not, per se, Calderén-Zygmund operators, we
can adapt the result that gives the LP boundedness of the Hilbert transform to our case.
We can interpret xo as a parameter and seeing H1 as the one-dimensional Hilbert transform H.
For ¢ € S(R?) we write

A
[H1ell pr(rey = (/m ‘Pv/w(wl —5,mg)s 'ds d%‘) = (2.2.2)

1/P 1/P
(/RH%()Q(-,xQ)}Ep(R)d.TQ) <C</RH¢(.,Q;Z)HJZP(R)dx2> = (2.2.3)

"/p
C (/R2 }Qo(xla xQ)‘p dm) = C HQOHLP(RQ) . (224)

Otherwise the existence of a bounded extension follows using the formalism expressed in Section
dedicated to product spaces. Theorem allows us to see LP(R?) as LP(R; LP(R)) through
the mapping y — ¢(-;y). H1 acts as a Hilbert transform on LP(R), the target space of the above
mapping. So Hip is associated with the mapping y — Hep(+;y). Since H is a bounded linear
operator the mapping y — He(+;y) is in LP(R; LP(R)) and

||H1S0HLP(R2) = Hy — %@(’y)HLp(R’Lp(R)) S C Hy — w(’y)HLP(R,Lp(R)) = HSOHLP(RZ) (225)

where C' is the LP — LP norm of the Hilbert transform. The same boundedness result can be
stated for Hs thus the composition operators Hyo Hy and Hoo Hy are well defined. Furthermore
both H; and Hs are translation invariant and so are the composition operators. By Schwartz’s
kernel theorem H; o Hy and Hs o Hy are given by convolutions with some distribution. It is
natural to try to determine the properties of these kernels. By taking the Fourier transform
of ¢ we see that H; and Hs act by multiplication by —isign(&;) and —isign(&2) respectively.
Thus the two operators commute

7‘[107'[2:7‘(207‘[1
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and the associated multiplier is

—sign(&162)

Since H1 and Ho commute and they act independently on the variables 1 and z2 i.e. they
respect the product space nature of R? we will write the composition operator as

HioHog=HogoHi = H(ml) ® 7‘[(:62)

It is tempting to write that H(z1) ® H(z2) is given by integration with the kernel Y/, .., however
this kernel has a non-integrable singularity at the origin. Since the associated kernel K is odd
in each variable one can actually write something similar to principal value integral

(K; ¢) = lim /I1|>51 80($17x2)dx1dx2 —

e1—0t T1x2

ea—0T |x1|>52
1 p(@1,22) — p(—21, 22) — p(x1, —32) + (=21, _x2)dl‘1d$2
4 o150+ Jlra>e T122 '

82—)0+ |IE1 |>€2

The last expression is clearly a convergent integral so the limit is well defined.

The Hilbert transform was the starting point and the test case for Calderén-Zygmund theory.
In much the same way as above we could define tensor products of Calderén-Zygmund kernels
and operators. Product kernels arise when we try to define a class that includes tensor products
of Calderon-Zygmund kernels but are not necessarily representable as independently acting on
the variables of a product space. One can think of product kernels as a completion of tensor
products of Calderén-Zygmund kernels in a suitable topology.

2.3 Definition

The definition of product kernels on RY is closely related to the product space structure of
the space. On the other hand product kernels also possess a natural homogeneity so they
depend on the family of dilations defined on RY. For this reason we begin by fixing a product
decomposition of RY compatible with its homogeneous structure as described in Section m
Let us from now on suppose RY = @Zzl H, where {H, kz}ke{l,...,d} are Euclidean spaces that are
invariant with respect to the family of dilations on RY.

The definition of product kernels has an inductive nature and it is based on the definition
of the class CZ(v). The properties and theorems relative of these kernels will also be inspired
by the classical results and ideas relative to Calderén-Zygmund kernels. In the same way as we
did for Calder6n-Zygmund kernels in we do not use the Fourier transform in the definition
but we make use of the cancellation property that is expressed using the duality pairing with
normalized bump function defined in [T.2.8]

In much the same way as we did for multi-indexes in we define multi-orders for
kernels. A multi-order relative to the product decomposition RV = @2:1 Hy is

v=(v,...,vy) €RL (2.3.1)

As usual for any subset J C {1,...,d} we define the multi-order v; € RI/I relative to the
product space Hj so that

vy = (l/jl, ce ’Vj\Jl)' (232)

For any j € {1,...,d} we have that the multi-order v(;) relative to H;y is (11, ..., Vj—1,Vjt+1,- - -, Vd)-
The other definitions and remarks made for multi-indexes in Section hold accordingly.
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Definition 2.3.1 (Product Kernel).
Consider a product decomposition {Hk}ke{l,..,,d} of RN of length d and an associated multi-order
v=(v,...vq) €RL

For d =1, the class of product kernels PKy,)(v) coincides with CZ(v1) on RN as defined
in . We say that a family of kernels in CZ(v1) is uniformly bounded if the inequalities
(11.2.4) and hold with uniformly bounded constants.

For d > 1, we say that a distribution K € S'(RY) is of class PKim,(v) if, away from all
the coordinate subspaces Hi- = {z € RN | 2, = 0} with k € {1,...,d}, K coincides with a
smooth function i.e.

d
K c ™ | RV\ | | H
IR (U, 712 U
and it satisfies the following two kinds of conditions:
Size conditions

|09 K (z)| =

oo 6?;[((33)’ < Oy HmIH_ql_Vl_HOCIH g e va el (2.3.3)

for all x ¢ UZZI HkL and for any multi-indez o.

Cancellation conditions For every k € {1,...,d} the distributions
R”’“/K(ax)gp(Rl - g )dag (2.3.4)

obtained by contracting K with all possible rescaled bi-normalized bump functions ¢ on
the subspace Hy, where

by = b(vg) =min{b e N | b > v},

are a family of product kernels of order v,y on Hyy relative to the decomposition {Hj }#k,
uniformly bounded with respect to R > 0 and to .

We say that a family of kernels in Py, (v) is uniformly bounded if the bounds arising induc-

tively from (2.3.3) and (2.3.4) on all the kernels of the family are uniformly bounded.

For any given product decomposition {H} and for any multi-order v the class PK g, (v)
is a vector space. We will usually omit the dependence of the class on the given product
decomposition by simply writing PK(v). This class, as a vector space, has a natural Fréchet
space topology. As a matter of fact one can get a countable family of semi-norms by taking the
lower bound of the constants that appear inductively from the conditions and in
the definition. Explicitly these semi-norms are given in a non-inductive manner by the following
expressions.

Definition 2.3.2 (Semi-norms on product kernels).

Let K € PKyg,y(v) on RN associated with a product decomposition {Hi}keq,....qy with d terms.
For any J C {1,...,d} let {ji,...,]j5} be the elements of J and {jjj+1,---,Ja} be the

elements of {1,...,d} \ J. Then for any N € N we define the semi-norm

Vi)

]

P}fN(K) = sup Z qjum+w'u\+1+Haj|J|+1H . ijqujd+ujd+|yajd|| Rijl n

ell<N

ij\JHl
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| o —1 -1
/ 8%‘“]]‘:11 O VK (), (B - w5) - ( J) " Thg)deg o da
Hy

where the upper bound is taken over all independent scales R € (R“‘)'J| and over all b;-
normalized bump functions ¢; € CZ° (BHj (0, 1)) with j € J and bj = b(v;) = min{b € N |

b > v;}, and over all points (zj, ., ..,x;,) such that x; € H; \ {0} for j & J.

As J varies over the subsets of {1,...,d} and N € N we obtain a countable family of
semi-norms on PK(v). For details on Fréchet spaces we refer to [rudin1991functional].

It is actually necessary to check that this family of semi-norms separate points and also
that the resulting metric space is complete. We will get to proving these two facts in the next
section dedicated specifically to questions of topology. These considerations allows us to refer to
a family with uniformly bounded constants appearing inductively from conditions and
(2.3.4) as a bounded family of P (v) kernels.

Remark 2.3.3.

Due to the inductive nature of the definition of product kernels the proofs of many properties
will also be inductive. For ease of notation it is useful to notice that the inductive definition can
be stated starting from d = 0. As a matter of fact for d = 0 let us define PK(v) as simply the
space of constants. Then Definition for CZ(v) coincides with the first inductive step in
Definition [2.3.1. In most of the successive proofs, we will use an induction argument starting
from d = 0.

2.4 Topology and basic properties

This section is dedicated to the study of the topology of the spaces PK(v). PK(v) as vec-
tor space possesses two important topologies. The first one, that originates from the already
mentioned the semi-norms defined in is the so called strong topology. However PK(v)
also inherits the weak-* topology as a subspace of S’(RY). We deal here with some properties
of these topologies. We state some useful approximation properties and well-behaved approx-
imation methods. After that we deal with the relationship between the weak-* and strong
topologies on PK(v). Finally we prove that the definition of product kernels is tolerant towards
the normalization orders in the cancellation condition .

A very important result useful to study product kernels is given by a generalization of
Hadamard’s Lemma for product test functions. As a matter of fact this version of the Hadamard’s
lemma enables us see how close a test function on a product space is to a tensor product of test
functions on the factors.

Lemma 2.4.1 (Generalized Hadamard’s lemma).

Let o € S(RN) with RN = EBZ:l Hy.. Let i be some cutoff functions on Hy and let i be the
associated product cutoff function. For arbitrary orders my, ..., mq € N the following decompo-
sition holds:

92¢(0) o

p(x) = Z T & n(x) + Z Z mz);j])n(J)(m(J))w‘J’J¢a(m) (2.4.1)
a1 [<ma ’ IC{L,d} |ay|=m; jeJ
lova<mg JAO g <my, kgJ

where Yo are smooth remainder terms that depend only on the coordinates x; with j such that
{ozj‘ = m;. The remainder terms 1o depend linearly on ¢ and they are normalized with respect
to ¢ in the sense that we have the following estimate for the Schwartz norms:

(1 +[2)*%al| o < Cnall(L+ 2| core @b €N
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Furthermore if ¢ is compactly supported then 1o are also supported on compact sets dependent
on the support of ¢ but not on ¢ itself.

It is important to notice that here we are dealing with the standard size of the multi-indexes.
This decomposition is independent of the homogeneous structure on RY.

Proof. We do a triple induction the number of product factors d in the decomposition of RV,
on the orders my and on the dimension of the single spaces Hj.

We proceed in the inverse order. First let us suppose d =1 and m; = 1. Let the dimension
of the single factor be n; = 1. Take

e@)—e(O)n(z)
(a) = { 2 if 2 # 0

0 ifz=0

and write the decomposition ¢(z) = ¢(0)n(z) + zp(z). If ¢ is compactly supported on [—R, R]
for some R > 0 then the support of ¢ is contained in the set (spt ¢ Usptn) C [-(RV1); +(RV1)].

By setting f(z) = z¢(2) = p(x) — p(0)n(z) we get

Y f(s)ds 1
w(x):f(l‘):fo f$( )d :/O f’(tx)dt

Db)(z) = D° <f(x“")> = / lthb“ f(tx)dt

0

and

It now suffices to notice that

I+ 2D f @) o = |+ T2 (o) = (O)n(@))|

o (1 +]al) ‘PHCb

The linearity of the mapping ¢ +— v that associate to a given ¢ the remainder term 1) is given
by construction.

Now suppose that we are working on RY with N = n; > 1. Write down z = (x1,2") where
x1 is the first coordinate and z’ are the last m; — 1 coordinates that we consider parameters.
By the induction hypothesis we have the decomposition

p(o1,2") = 0(0,2")n(21) + 2131 (21, ') (2.4.2)

We can now apply the induction hypothesis again to ¢(0,2’) to get

ni

(e a’) = e(O)n(@)n(a’) + Y n(e)z;(0,2') + erv (z1,27).
j=2

The normalization of ¢; is evident by setting f(x) = p(x1,2") — ¢(0,2")n(z1) and writing
/ 1
oy <f(m1,a:)> :/ t“ DD f(txy, 2')dt.
I 0

The normalization for the other terms follows by the induction hypothesis. Once again linearity
is obvious by construction. We have proved the lemma for order m = 1 and for trivial product
decompositions of RY with arbitrary N.

If m > 1 then by the induction hypothesis we have the decomposition

o(x) = Z 8az‘(0)x°‘n(a:)+ Z % () (2.4.3)

la<m—1 ' lo]=m—1
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with 1, normalized with respect to ¢ in the sense that

|1+ |2))*Yal| o < Coa [|[(1+ [21) 0| oo -

Applying the induction hypothesis again with m = 1 to the remainder terms v, we get

Ya(z) = Ya(0)n(z) + Z ijOzJ@”)
j=1

and substituting into we obtain

o) = 3 mjfo)xan(m S GaOen@) + Y watdae). (24.4)

|o|<m—1 ’ |o]=m—1 la|=m—1

The remainder terms are normalized since

|a+lahBas]| , < Coa |1+ I2)ballon < Coum |1+ 12Dl corm

by the induction hypothesis. For any given a such that |«| = m — 1 taking the a derivative in

0 of yields
0%p(0) = alhy(0)

and this gives the needed equality. The procedure adapted in the proof was constructive and
linear. So the mapping from ¢ to the remainder terms is linear.

Now we prove the induction on d. Suppose d > 1 and write £ = (z1,%(;)) where z; are
the first subspace coordinates and @(;) are the last d — 1 coordinates that we initially see as
parameters. By applying the induction hypothesis along x; we get the decomposition

8(11@(0, (1 )
pla)= Y T+ Y el (e w). (2.4.5)
et [<my v las [ =
For any given aj such that |a1] = mi the mapping (-, 2(1)) = Yo, (-, T(1)) is linear. As

a consequence H%IH o < Cbay |@llgoem. As a matter of fact by boundedness and linearity

w<1 Ya, (+, @ (1)) is the remainder obtained by applying the decomposition to ﬁw(l)tp( x(1)) SO

d d
L+ k)02 o, )| < Coen | L1+ larl@8 0G| <
k=1 Cb k=1 Cobt+my
d
Chon [|TTQ + l2kD) || ctrmi 18
k=1
and this gives the normalization
d d
[T+ 2k e (@)| < Coan | [T+ lea) (=)
k=1 ob k=1 Cbmy

Now we apply the induction hypothesis and a reasoning similar to the above to 1,, for all
|ar| = my keeping z1 as a parameter. We also apply the induction hypothesis to the terms of
the sum

8§‘1S0(07m ) 6%
2 : 1 : (1) 2%y (7).
.
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We get

|at | <ma
o [<ma
>y T () > %%a(0,2(1)) +
lai|<my JC{2,...,d} ke{1,....d}\J lak|<my k€{2,...,d}\J
J#0 ‘aj|:mj jed
Z Z H (k) Z Vo () (2.4.6)
ot |=my JCA2,....d} kE{2,....dN\J o |<mp k€{2,....d}\J
70 aj|=m; jeT

The inductive hypothesis gives the normalization property for the remainders, the compact-
ness of the support as functions of «(;), and finally the independence along those coordinates for
which o < my. The linearity of the mapping to the remainders is given by construction. Fur-
thermore the normalization property gives us that the remainder terms have compact support.
In fact ¥q, (-, a:(l)) are non-zero functions only for a compact set of parameters x(1)- O

Together with Hadamard’s Lemma we need a technical preliminary result before we proceed
to prove the properties in the next sections.

Lemma 2.4.2 (Complete local integrability for all negative orders).

Let K € PK(v). Then given a multi-index « such that vy, — ||ag|] < 0 for all k € {1,...,d}
the kernel x*K (x) coincides with a locally integrable function on the whole RN that is given by
K (x) on RN\ UL_, HE.

Proof. Consider the function F(z) = *K(x) defined everywhere on RY except on the set
Ui:l Hi! of zero Lebesgue measure. Due to the size condition on K (x) we have that F
is locally integrable on RY. We now prove that £®K (z) coincides with integrating against F
on RY by showing this to be true for all test functions () € D(RY) of the type ®i:1 o (xr)
with oy, € D(H},). Since linear combinations of these types of functions are dense in S(RY) this
proves our lemma. Choose cutoff functions 7 (x) on Hy for all k € {1,...,d} and a parameter
0<r<1. We write

d
| K@@= [ K 3 R

/ 7,HaJHK(w) H(Fl .xj)amk(rfl ~xj)pi(xi)de
H(J) Hy

JC{L,...d} jeJ
40
H(xk)o”“(l — ) (r - k) n(a)de ).
kdJ
For the first term we have
d d
o K(x) [J(xo)™ @ = ne) (0" - an)ep(ap)dae = / o) [T =m) (™" zp)on(zr)da
k=1 k=1

and if » — 0 then

d
@ [L@ (1= m)6 " apnlode - [ Plajplaia.

k=1 RN

23



For all the other terms notice that if j € J then (r=! - z;)%ne(r=! - x;)p;(z;) are r-rescaled

versions of a:?j ni(xj)e;i(r- ;) that, up to a constant depending on ¢;, are bj-normalized bump
functions.
For each J C {1,...,d} with J # 0

K(x) H (et ) (et ) () day

Hy jed

are uniformly bounded in PK(v( ) for 7 € (0; 1] and since v; — [|aj|| < O the kernels

/ THO!JHK(w) H(T_l . q;j)aj'r]k(r—l -xj)pj(xj)dey — 0
H; jeJ

in the strong topology on PK(v(y)) as r — 0. This means that on H ;) Uy, Hi the kernels

z) /H Pl K (@) T 2) o m(r ™t - 25) 05 (x5)da
J jeJ

are, up to a constant, dominated by the locally integrable function ][4 ;y* [lzx|| ™" and
converge a.e. to 0. Since [];q,(1 - i) (r~1 - z1)or(21) are supported away from Ures Hi- and
are L bounded we have by Lebesgue’s dominated convergence theorem that

THQJ“ T ,r.*l )Y Til . (e da

/H(J) /HJ K( )]l;[]( J) nk( ])90]( J)d J
[T @) =) (" -z o (an)da gy — 0
k¢ J

as r — 0 for any J C {1,...,d}. So passing to the limit we have

/RN K (z)p(x)dz :/ F(z)p(z)de.

RN

2.4.1 Weak and strong topologies

In this section we turn to the relationship between different vector space topologies on PK(v).
As shown above, the vector space PK(v) has both a strong topology and the weak-* topology
inherited as a subspace of §’(RY). We write K,, — K if K, converges in the weak-* (distribu-
tional) topology to K and distinguish from the strong convergence indicated as K,, — K.

The first useful, albeit trivial, fact is that the family of semi-norms on PK(v) separates
points. If all constant in the inequalities that arise inductively from (2.3.4) and (2.3.3) are
identically zero then the kernel cannot be non-zero. It is sufficient to approximate such a kernel
K by convolving with an product approximate identity as defined in [2.1.7]

Proposition 2.4.3 (The semi-norms separate points).
Let K be a product kernel with all norms in equal to 0. Then the kernel is trivial.

Proof. Let ¢, be a product approximate identity. ¢, * K — K and ¢, * K — K are smooth
functions given by

puK(@) = | elo—y)Ky)dy
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Buty — p(x—y) = Hizl vr(Tr —yk) is a tensor product of some-how rescaled bump functions.
Using the fact that the norm P from Definition with J = {1,...,d} is 0 we get p, * K =

0.

O]

Proposition 2.4.4 (Weak-* and strong topologies).
For any v the following relations between the strong topology and the weak-* topology hold on
PK(v):

1.

2.

Proof.

The strong topology is finer than the weak-* topology on PK(v).

For any bounded set V € S(RN) and any ¢ > 0 there is a neighborhood Uy of 0 in PK(v)
such that if o € V and K € Uy, then
set U € PK(v) and any € > 0 there is a neighborhood Viz. of 0 in S(RN) such that if
0 € Vye and K € U then ‘fRN K(a:)gp(zc)da:‘ <e

S K(a:)go(w)dw’ < e. Vice-versa for any bounded

On bounded sets of PK(v) weak-* convergence can be verified only on a dense subset of
test functions.

On bounded sets of PIKC(v) the weak-* convergence implies strong convergence.
The weak-* closure in S'(RN) of a bounded set in PK(v) is a closed subset of PK(v).

The semi-norms on PK(v) are lower semi-continuous with respect to the weak-* conver-
gence.

1. The strong topology on PK(v) is a metric vector space topology so all we need
to check is that K,, — 0 implies K,, — K for any sequence (Kp),cn. For any fixed test
function p(x) € S(RY) we apply Lemma and write

Kp(x)p(x)de = Z 852‘(0) RNKn(m)acan(ac)d:I:—i—
|at|<ma

|ocd\.%md

Z Z / Kl (J) Ve (@) de )2 Yal(z)de,.
Hy JHy

Jc{1,....d} ‘ozj| =m; jeJ
TAD o <my, keJ

Since Pp d}70(Kn) — 0 and z®*n(x), are up to a constant, normalized bump functions
we have that the terms Ha
0
= £(0) K, (x)z%n(x)dz
a! RN

tend to 0. For the remainder terms we have that

x5’ Kn(@)x () 0 (@)dz )
Hy

tend strongly to 0 in PK(v;) and by Lemma these kernels coincide with locally
integrable functions on H ;. Since

Péfé( Ko@)z}, e >(m<J>)dfC(J)> -0
Hy)
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by Lebesgue’s dominated convergence theorem we have that

/ K,(x)x
Hy JH

(o7

(;5])77(]) (w(J))dm(J)m?Jwa(CC)diBJ — 0

as required.

2. The statement follows from the above proof and the normalization property of the Hadamard
decomposition [2.4.1

3. This also is a consequence of the previous point.

4. Let us prove the statement by induction on the number of terms d in the product de-
composition of RY. For d = 0 there is nothing to prove. Suppose that d > 1 and the
statement is true for all product spaces of up to d — 1 factors.

Suppose that (K, )nen is a bounded sequence in PK(v) and K, — K. By Ascoli-Arzeld
the sequence Kn‘RN\UZ—l - is pre-compact in l?c(RN \ Ui:l HkL) This means that a
subsequence converges on that domain to a C*° function that respects the size conditions
(2.3.3)). Furthermore any subsequence has a converging sub-subsequence and the limit
is unique by weak-* convergence of K, and coincides with K on that domain. For any
k € {1,...,d}, any bg-normalized bump function ¢ on Hj and any dilation parameter
R > 0 the kernels
R% [ Kn(x)p(R™" - xy)dzy,
Hy

are uniformly bounded in PX(v(;)) and weakly converge to
RF K(z)p(R™ - zp)day.
Hy,
By induction we have that
Rk Kn(x)o(R™ - z)day, — R™ K(z)p(R™ - zp)day.
Hk Hk

in the strong topology and the above kernel is in PX(v(;)) with the same bounds as the
sequence. This proves the statement.

5. The weak-* closure of a bounded subset in PK(v) is still a subset of PK(v) because of
the previous statement. The weak-* topology is coarser than the strong topology so a
weak-* closed set is also closed in the strong topology.

6. This statement follows directly from the above points.

As a consequence we have the metric completeness of PK(v)

Corollary 2.4.5 (Fréchet space topology).
PK(v) with the topology given by the family of semi-norms arising as the lower bounds of the

constants in (2.3.3) and (2.3.4)) is a Fréchet space.

Proof. The countable family of semi-norms separates points. All we need to prove is the metric
completeness i.e. that all Cauchy sequences in PK(v) converge to a kernel in PK(v) in the
strong topology.
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Consider a Cauchy sequence K, € PK(v). By proposition the strong topology on
PK(v) is finer than the weak-* topology so, for any test function ¢ on RY, the sequence
[ Kn(x)p(x)de is also a Cauchy sequence. The relation

/K(m)w(w) de = lim [ K,(x)¢(x)dx

defines an element K € S’(RY) that is the weak-* limit of K,,. A Cauchy sequence in PK(v) is
necessarily bounded and so its weak-* closure is a subset of PK(v) and so K,, =~ K € PK(v).
By lower semi-continuity of the semi-norms we get that K,, — K strongly in PX(v) and this
concludes the proof. O

2.4.2 Approximation

A very useful method to study singular integrals is approximating kernels in the weak-* topology
by smooth functions (possibly with compact support). This is usually done via convolution with
an approximate identity and possibly via multiplication by a cutoff function. Since product
kernels are in particular tempered distributions, the convolution with any approximate identity
yields a C*° approximating sequence in the distributional sense. However, taking in account that
PK(v) has also a strong topology on P (v), we are encouraged to develop an approximation
procedure that is well-behaved with respect to the strong topology. In particular we will aim
to approximate product kernels with C*° functions that are uniformly bounded distributions in
PK(v).

It is important to notice that the approximation properties for kernels in PXC(v) depend on
the order v. In particular important properties depend on whether v, > 0, v, <0, or v, > —qi
for any given k € {1,...,d}

Lemma 2.4.6 (Approximation for v > —qx).

Let G = {g € {1,...,d} | vy > —qq} and let (@n),cn, be a compactly supported product
approrimate identity on Ha obtained by rescaling an Li-normalized product cutoff function as
described in . Then @, g K is a sequence of product kernels uniformly bounded in
PK(v) that coincide with smooth functions away from Uyeq Ht and ¢, ¢ K — K.

Proof. By the general theory of distributions ¢, *¢ K weak-* converge to K since for any
€ S(RN), ¢, g ¢ — ¢ in S(RY). The distributions ¢, *g K coincide with C* functions
away from [ J e H kL As a matter of fact the mappings

T en(zc —yo)K(zq) ©yo)dye and x(g) — en(xe —yo)K(z ) © yo)dyc
Hg Hg

are smooth for all g and all ) ¢ ngéG H kl The smoothness in the variable g is the
standard result about smooth dependence of a test function - distribution duality pairing on
the translation of the test function. The smoothness in x(g) comes from the fact that by
definition

/H en(za — yo)K(ze) @ yo) dye
G

is a product kernel in Py . }(¥(q)) and thus is smooth away from (Jeq Hi. Thus the
mapping

rG O TG /H en(Te — yo)K(ze) © yao) dya
G
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is a mapping RV \ ngG H k,L — C that is separately smooth along the multi-coordinates &g and
x (). However by explicitly calculating the limit we have that

opnct (/H en(ze —yo)K(ze) © ya) dyG) = < . IS pn(ze — yo)K(z(q) ®yG)dyG> -
G G
Since 93¢ ¢n(xc — ) is a tensor product of bump functions on Hg

H/ Opspn(zc — yo)K(z(q) © ya) dyc

is continuous and thereby the whole mapping ¢, *g K is continuous on the need domain.

We now verify that ¢, * K are uniformly bounded in PK(v).

We reason by induction on the length d of the product decomposition of RY. For d = 0
there is nothing to prove. Suppose RN = ©re{1,....dyHr and the above proposition is true for all
decompositions of up to d — 1 terms. For ease of notation we indicate r = 27" and recall that,
as explained in , (n is the tensor product of renormalized cutoff functions.

Size conditions (2.3.3) To check the size conditions we distinguish the cases when ||zx|| < r
and ||z3|| >> 7. For any « € RN let J,, = {j € G‘ 2| < cr} for some sufficiently large

¢ > 0 to be chosen subsequently depending on the triangular constant in (1.2.1]) and let
the complimentary set restricted to the indexes in G be JS = G\ J. Depending on the
value of x we write

on *¢ K(z) :/ on(xe —yo)K (m(G) @ yG) dyc =
Hg

/HJ; /HJm K (m(G) @yc) H r~ i, (rfl (xy — yj)> dys,

j€Jx

[T~ ( - (zk —yk:)> dy g .

keJg

We have that ¢ > 0 can be chosen sufficiently large so that ¢, (xg — ya) as a function of
Y is supported away from (J,c ;o H kL and in particular so that

-1

Spt 1 (7“ () — yk)) C {ye|r <llyell < Cllwll }

for some large C' > 0. Vice-versa for j € J,, we have that ¢, is supported close to the
respective coordinate sub-planes:

spb7; (r‘l (zj — yj)> C {yj ‘ ws]| < C’r}

for some sufficiently large C’ > 0. However this means that n;(r—! -

a constant, a bj-normalized bump function in the y; variable.

Notice that

—C"-y;) is, up to

0% (1pn *G K) = (0% pn) #c: (9% K)

and
anw Pn = ,,a_q—”CXJwH (aouz ’I’I)(T_l . w) _
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= QjcJ, r_qﬂ'_||°‘j||(8o‘jnj)(r_l - xj) ke r O (r ).

By much the same reasoning as above (9%n)(r—!-z; — C’ - y;) are, up to a constant,

bj-normalized bump functions in the y; variable for j € J, while (0%n) (r‘l Sz — yk:))
are supported away from H ,i- for k € JS

Using the cancellation conditions (2.3.4) along H; with j € J for any o we get that
1T st ||| K (m(g) @ya) 11 o il (9%m;) <7"_1 (x5 — Z/j)) dy,,
j€Ta Hg j€Ja

are a uniformly bounded family of product kernels in PX(v/(s,)). By the previous remarks

k= llokll (G, ) (r_l (g — yk)) are supported away from the coordinate sub-planes so
we get by integrating
0% (pn *G K) (®)] = [(0%=p,) xq (0= K) (z)| <

11 [Pl C 11 = ai—vi—||as|

igG j€Jx
11 / || 7%l g =any, (7"_1 (g — yk)) dyi, <
keJg r<|lyk||<C||zk|l
C//HHxiH*Qi*Vi*”ai” H ijH_‘Ij—Vj_HOZjH H HﬁkHiqkﬂ%i”akH <
i¢G j€Jz keJg
¢TI Nl et
ke{l,...,d}

These are the necessary size conditions.

Cancellation conditions (2.3.3) We reason by induction. We need to prove that for any
ke {1,...,d} the family of kernels

R"’“/ on *q K(x)p(R™ - z) day,
Hy,

is uniformly bounded in PK(v(4)) for all by-normalized bump functions 1) on Hy and for
all R > 0.

If the cancellation occurs along Hy with k ¢ G it suffices to notice that

R /H on *q K(x)(R™ - 21) day = ¢ *¢ <R”k K(z)y(R™' - ) datk) :

Hy,

The term inside the parenthesis is uniformly bounded so it suffices to apply the induction
hypotheses.

If, on the other hand, the cancellation occurs along Hj with k € G, indicating nér) (xg) =

r~9%n,(r~! - x,) one can write

Rk / Pn *G K(a:)w(R_1 cxp)dr, =
Hy,

&R | *avm R"’“/ ) xgy K(@)p(R™1 - ay) day, =
ge(G\{k}) Hi
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& | *evw B / K(z) (mg/R) *{k}w> (R ) day, =
ge(G\{k}) Hk

® 77!(]r) *C\ (k) RVktak 4k K(x) (77k (1} w(R/r)) (rfl - x) dog.
g(C\ (k) M

Now it suffices to notice that if » < R then (an) * (e} zp> (2 - xy) is a bg-normalized

bump function and so

R"F K(x) (n(T/R’) * k) 1/1) (R™Y - xy) day,
Hy,

is a uniformly bounded family of product kernel. Otherwise, if » > R, we have that

(ﬁkz * (k) @b(R/T)) (2 - x) is a bg-normalized bump function and so

RV* Tk =4k / K(x) (77k * (k) Q/J(R/T)) (r=t . xy) day,
Hy,
is uniformly bounded since v, > —qi. The proof follows by the inductions hypothesis.

O]

This second lemma addresses the question of approximation along those subspaces Hj, for
which v, < 0.

Lemma 2.4.7 (Approximation for v < 0).

Let K € PK(v) be a product kernel and let J = {j € {1,...,d} | v; < 0}. Then K can be
approximated in the weak-* topology by a uniformly bounded sequence of product kernels K, (x)
in PK(v) with n € N that are supported away from UjEJ HJJ- In particular spt K, C {x |
HxJH > 27" for all j € J and K, is smooth away from U’W?J Hli'

Proof. Consider a set of cutoff functions n; on H; for each j € J. We prove that

def

Ko(2) S [[(Q—my) @ - 2K (x)

jed

are uniformly bounded in PKX(v) and K,, — K. More generally this holds for any subset of
indexes J as long as v; < 0 for all j € J.

We begin by proving the uniform boundedness. As usual we proceed by induction on the
number of term d in the product decomposition on RY. For d = 0 there is nothing to prove.
Now suppose that d > 1 and the boundedness is true for all product decompositions of order
up to d — 1. For ease of notation we indicate r = 27"

Size condition (2.3.3) Write

K@) = > [ —n)e" x| 0700 Ky (x) =
Bt+y=ay JjeJ

ST (r 1 (070 ) 07t o Kate)).

Bty=ay jeJ
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If Bj # 0 then (85]'(1 - Uj)) (r=! - x;) is supported on "/ < H:):jH < r while if 5; = 0 the
bound is trivial so we have

0°Kn(z)| < C [ Ml =%l
ke{l,...,d}

as required.

Cancellation conditions (2.3.4) Suppose that the cancellation occurs along Hj, so we must
prove that for any bg-normalized bump function ¢ on Hj and for any R > 0

R [T =) o) K@ (R o) day
Hy,
is uniformly bounded in PK(v(y)). If k ¢ J this is trivial since
R [ TI0 =) o) K @hpn(R ) day =
Hy

jedJ

H(1 —n)(r )R [ K(@)pr(R™ - ay) day,
jeJ Hy,

but RYk fHk K(x)pr(R™ - ;) day, is uniformly bounded in PK(v()) and is a product
kernel on H;,, a space with a product decomposition of d—1 factors. Using the inductive
hypothesis we get the required boundedness.

If k£ € J then we write

L /H IO =) 2) K (@) (R™ - ) day, =

II A=npe" xR . K(@)op (R~ - ap) (1 —me) (r" - xp) day,
JjeJ\{k} F

Notice that ¢ (2x)(1 — n)(Rr—1) is a 0-normalized bump function (b;=0). So
R"F K(x)pp(R™' - zp) (1 —mp) (7t - 2 daye
Hy,

is uniformly bounded in PK(v(;)) and the boundedness follows again from the induction
hypothesis.

Now we prove that K, — K. We have that
K@) = Kp(@) = [] mO "o [J0=n)r™" - 2))K (@),
JGJ keJ\J jeJ

The terms

I me™" 2 [T =0 2K ()

keJ\J jeJ

are all uniformly bounded for r > 0 in PK(v) by induction on |J \ J|. We will now prove that
each term of the sum weak-* converges to 0. For any given term it is sufficient to prove that
convergence to 0 holds for tensor products of compactly supported test functions. This is true
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due to Proposition [2.4.4] since linear combinations of tensor products of test functions are dense
in S(RY) and the the terms are uniformly bounded in PX(v). For

p(x) = or(Tr)

e
Il o
—

we have that for any J ¢ J

/N H le(fl - T) H(l - T]j)(Til ~z5)K(x)p(x)de — 0
R ke\J jeJ

because (7 - xx )Nk (zy) are 0O-normalized bump functions and so, as r — 0,

I1 = / [T w0 2oenten) [JQ =m0 -2 K (@)de ), 5

keJ\J HNT peng jeT
are uniformly bounded.
O

From these two lemmas we obtain several useful results about approximating kernels in

PK(v)

Corollary 2.4.8 (Approximation by smooth functions).
Any kernel K € PK(v) can be weak-* approzimated by a sequence of C*®°(RYN) functions that
are uniformly bounded in PK(v).

Proof. Let K € PK(v) and let J = {j € {1,...,d} | vj; < —¢;}. Using lemma [2.4.7] construct
an approximating sequence K,, — K of kernels supported away from [ jes H ]J- For every K,
construct an approximating sequence K, ,, — K, by convolving with a product approximate
identity on Hje. The kernels K, ,, are uniformly bounded in P () and coincide with smooth
functions away from | J;., Hi. However they are also supported away from |J..; Hi since

JeJ g JEJ 7]
convolving along H ;e doesn’t alter this property. Thus K, ,, are smooth on the whole RN. By
a diagonal argument one extracts a sequence weakly-* converging to K. O

Finally we note a basic approximation property for product kernels with kernels of bounded
support. Since we are dealing with a product structure it makes sense to distinguish the
properties of the support along different subspaces.

Definition 2.4.9 (Kernels with bounded support along subspaces).

We say a kernel K has bounded or compact support along Hy, if 7y (spt K) is compact in Hy,
where T, is the projection operator on the subspace Hy, of RY. Equivalently K has compact
support along Hy, if spt K C {@ | ||zy|| < R} for some R > 0.

A rudimentary approximation property with kernels of bounded support is given by the
following proposition. A more fine result holds allowing kernels of arbitrary order to be approx-
imated with compactly supported smooth function uniformly, however the proof involves more
delicate results on the structure and cancellation properties of kernels of PKC(v).

Lemma 2.4.10 (Approximation with kernels with bounded support).

Let K be a product kernel of order v. If vy < 0 for some k then K can be uniformly approzimated
with product kernels in PK(v) with compact support along Hy. In other words, there exists a
sequence K, uniformly bounded in PK(v) such that K, — K in S'(RY) as n — oo and such
that the support of every K, is bounded along Hy for every k such that v < 0.
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Proof. Let J be the set of indexes k such that v, < 0. For every j € J consider a cutoff
function n;(z;) on H; and let n(z) = &),c;nj(z;) be a product cutoff function on H,;. Setting

r=(r,...,r) for r > 0, we have that K,(x) & K(x)n(r~' - x) = K(x) in S'(RY) as r — +o0

and every K, has bounded support along all H; for j € J.

We will pass to proving the uniform boundedness of the sequence K, in PK(v). We will
prove this inductively on the number d of terms in the product decomposition of RY. For d = 0
there is nothing to prove. Now suppose that RY = @ke{l,...,d} H;. and the above proposition
holds for any product kernel on a product space with less than d terms.

Size conditions (2.3.3) We check the size conditions directly
0°Kp(m)= Y P00 K(z)r Ml @m) (vt - ).
Bty=ay

On the support of n(r~! - ), we have that ||zx|| < 7 so for every addend we can write
‘3BK(:C)T—II'YII (@) (r~t 'm)‘ < C || ||m Il g Ve 1Ball=lal
as required.

Cancellation conditions (2.3.4) Multiplication by a cutoff function and the duality pairing
along different subspaces commute. In particular if the cancellation occurs along Hj with
k ¢ J then for any bg-normalized bump function on Hj and for any R > 0 we write

K (@)p(R™" - ap)deg =n(r - 2) | K(x)p(R™" - ;) day.
Hy, Hy
But | m K (z)p(R ™1 xy) day, is uniformly bounded in PK (v by the cancellation property
of K and we can directly use the induction hypothesis to have the required boundedness.

If the cancellation occurs along Hj, with k& € J then let (x) = @Qjesn;(x;). We then
J#k

write

R [ K (@)p(R™' - xy)day = q(@)R™ | K(z)ne(r™" - zp)e(R™ - ay) day.
Hy, Hy,
Notice that for 2R < r we have that (R~ 'z}) is supported where 7, (r~12;) is constantly
equal to 1. In particular, for any bg-normalized bump function ¢ on Hy and any 0 < R <
"fo, the family of kernels

R | K(x)ne(r—" - ap)p(R™ - xp) day,
Hy,
is uniformly bounded in PK(v(;)). Then by the inductive hypothesis the above kernels
are uniformly bounded.
Finally if 2R > 7 then ng(xx)p(rR™! - 2}) are by-normalized bump functions so
e | K (@) (rh - an)e(RT - ) day
Hy,
are uniformly bounded in PK(v(). Using the assumption on R and r and that v, < 0
we have that

R" K(z)ne(r - zp)p(R™ - zy) day,
Hy

is also uniformly bounded in PK(v()). The proof is concluded using the induction hy-
pothesis.

d
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2.4.3 Bump function normalization orders

An other very useful fact is that the cancellation conditions [2.3.4] are tolerant on how the
bump functions are normalized. In particular the bump functions ¢ in definition [2.3.1] can
be normalized with respect to any C® norm with b large enough. More precisely if in the
cancellation condition in definition we ask that the bump functions be Zk—normalized
with some other order by € N greater than by = min{b € N | b > v} } then the resulting class
7/7/VC(1/) coincides with PIC(v) and the respective semi-norms and topology are equivalent to the
original ones.

One inclusion and inequality between norms is obvious: the new class is per-se larger and
the topology coarser. The other inclusion and inequality follow from the next lemma.

Proposition 2.4.11 (Bump function normalization orders).

Let 7/3\/6(1/) be the class of product kernels of order v with the exception that in the deﬁmtion
we require that bump function normalization orders in condition be by > b(vg). Then
the classes ?JTC(V) and K € PK(v) coincide as vector spaces and have the same topologies.

Proof. The inclusion PKX(v) C PK(v) is obvious. As a matter of fact with by > by, the conditions
on PK(v) are more restrictive than on ?JTC(V) The constants in the conditions (2.3.3) and
are larger for PKC(v) and so are the respective semi-norms. This means that the inclusion
is continuous.

We prove the converse by induction on the number of factors d in the product decomposition
of RN. For d = 0 there is nothing to prove. We indicate the class of product kernels with modified
bump function normalization orders as PX(v) and the original class simply as PIC(v).

Suppose that the statement is true for d i.e. suppose that PK(v) = PK(v) if the number
of product terms in the decomposition of RY is less or equal to d. Let K € ﬁC(V) on RN =

dHH k. We need to check the cancellation COHdItIOH@ on K. Suppose that the cancellation
occurs along Hi. We must check that

R”’“/K(a:)cp(Rl - xp)day,

is an uniformly bounded family on PK(v(;)) for all by-normalized bump functions ¢ on Hy
with by = min(b € N | b > ). Since K € 7/37C( ) the above quantity is uniformly bounded
in PK(v V() if ¢ is be-normalized. However the class PIC(u(k)) coincides with the class PX(v)

by the induction hypothesis, since kernels in PIC( V() are relative to decompositions with d
factors. So it is sufficient to prove that for any k& € {1,...,d} and any bg-normalized bump
function the quantity is uniformly bounded in 7/3\1/C(1/(k).

By Lemma [2.4.1] we can write for any given bg-normalized bump function ¢ on Hj the
decomposition

plag) = ) ,ak POz () + > wtop, (zh).
o
|| <bg—1 |Bre |=bs

Set G(Tk) = X |api<ti-1 a ka ©(0)z*n(z)). We have that ¢ is, up to a constant independent

of p, a Ek—normahzed bump functlon since it depends only on the first by derivatives of . Thus

RVk K(SL‘)QZ(Ril . xk)dxk
Hy
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is a uniformly bounded family of 7/;’-/C(V(k)) kernels as required. Now we look at the remainder
term

Z RV* . (x)R™ ”B’“H:nﬁ’“g%(R g )day =
| Bk |=bx, k

R* | K(x)p(R™' - zp)dzy — R* | K(x)p(R™' - xp)day.
Hk Hk

By Lemma the functions pg(Ry " - 1) are O-normalized bump functions for some Ry > 0
independent of . To check that this quantity is uniformly bounded in 7316(1/(;6)) the key
consideration is that since ||| > b, :L'iK () comc1des with an L} function on RV \ |J i H ]L
More specifically we look separately on the size and cancellation on the kernel.

Size We look separately at every term of the sum

R"* . K(w)R*HﬁHxZ os(R™ - 2p)dwy
k

away from the coordinate subspaces H JL We see that x’g K (x) is locally integrable across
H kL by rewriting

Hy,

R B [ K (@) afin(p™t - xp)ps(R™Y - ap) dag+
Hy,

Rl [ K@) (1 (! .xk)) op(R 2y day
Hy,

for a cutoff function 1 on Hj. Passing to the limit p — 0 for the first term we get that

K(ﬂﬁ)ﬂ?gﬁ(fl xR ps(RT - xy) day, =
Hy,

p ot IBI v ; K@) (p~' - z)n(0 - 2r)es(p™t ¥ - xp) day — 0
k

since ||3]| — v, > 0 by construction, xfn($k)gog(p/3 - 21) is by-normalized up to a constant
that can depend on (g but not on p, and so

P ; K@) (p~' - 2) (o an)ps(p™t g - xy) day,
k

is uniformly bounded in ﬁC(V(k)). This means that

RV K (@)aop(R - op)dog =
Hy,

= lim R 1A K(m)wf (1 —n(p~t xk)> ws(R™" - xy) day,
p—0 Hy,

so by dominated convergence we have that for any multi-index o on {H;} «,

RV ||a||/ o K(@)alos(R - a)day| <
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< CRv-8l H Hij—qJ'—Vj_‘aﬂ /B o ‘kaH*qkfukku\ ’@B‘CO dzy, <
1y, (0,

el
<CT el
i#k

for (:L'(k)> ~# 0. This proves the size estimates for every term of the sum.
J

Cancellation We prove the cancellation directly for

R K(z)p(R™ - zp)day.
Hy,

This follows by induction on d.

Let us fix j # k and check the cancellation condition (2.3.4) along H;. Let ¢ be a
bj-normalized bump function and R; > 0 and we need to prove that

R [ K@ oo 2o,
H; J Hy,

is uniformly bounded in PIC(V({ j,k})) Contractions with functions along different subspaces

commute so we first first apply the duality pairing along x; and since v is gj—normalized
we get that

RY /H K(x)y(R; " - x;) dx;

is uniformly bounded in 7/37C(1/(j)). Since we are now dealing with a product kernel on
H;), a space with a d — 1 factors in the product decomposition, the inductive hypothesis
gives us the result.

d

2.5 Fourier transform

A fundamental result for dealing with product kernels is given by the characterization of the
associated multipliers. As we mentioned in Section [[.2] on Calderén-Zygmund kernels, the
properties of the Fourier transform also justify the definition we give for kernels of large negative
multi-order.

In [nagel2001singular] it is shown that the Fourier transform of a product kernel is a
product multiplier and vice-versa. It is easy to check that product multipliers defined in
[nagel2001singular] are none other than product kernels of order v = —q = (—qu, ..., —qq)-
We extend this result to kernels of arbitrary order and refine it according to the product struc-
ture.

Definition 2.5.1.
Let RN be a product space. Define the partial Fourier transform along Hy, to be F, : S(RY) —
S(RN) such that

Fro(@i, ooy h—1,Ek, Tht1s - - - Td) :/ o(x)eCRTrd gy,
Hy,
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Accordingly define the partial Fourier transform for distributions so that

|, ) @etayie = [ K@) (Fip) (@)ia

for any ¢ € S(RN).

Theorem 2.5.2.
Let K € PK(v) then F K € PK ((1/1, ey Vk—1y Qk — Vky Vit s - - - Vd)). Furthermore F, :
PK(v) — PK ((1/1, ey Vk—1y Qk — Vky Vit 1y - - - ,ud)) is continuous between the strong topologies.

Before proving this theorem we state a product-space generalization of a useful lemma about
when taking a Fourier transform coincides with integrating against e 7.

Lemma 2.5.3.
Suppose that K € S’(RN) is a tempered distribution with bounded support along Hy. Then the
partial Fourier transform Fi. K is given by the distribution fHk K(x)n(p™' - zx)e @ day, for
a cutoff function n and p large enough so that n(p~' - xy) is identically 1 on the support of
K. The deriatives of ngka of the partial Fourier transform are given by fHk K(z)n(p~!-
o) (—izg) e Tk day,.

The expression fHk K(x)n(p~t - xp)(—izg)* e~ day, defines a distribution on RN by

< . K(z)n(p! - ap) (—izy) e “r7 day; @(xl,---,xk1,fk,90k+1,-~-7$d)> =
k RN

/ < K(x)n(p~" - ) (—izg) e 6% dag; o(21, - Tkt €y Tt 1s - - - 7$d)> dé.
Hy, Hy, )
Dk Hj

Proof. Notice that
< K(x)n(p™t - ap) (—izg) e 6% dag; o(21, ..., Tp1, Ey Thpts - - - l‘d)>
Hi ®jzrHj

coincides by definition with

<K(a7), 7](p71 . xk)(—mk)ake*ig’“x’“go(xl, ey Th—15 oy Thog 1y - - ,xd)>RN ) (2.5.2)

The mapping & — n(p~ 1 - ) (—izg)* e k% (21, . .., Tp_1, &k, Thytl, - - -, Tq) is continuous

from Hj, to S(RY) with all Schwartz norms decaying rapidly as & — oco. Since K, as tempered
distributions in general, has finite order, the quantity is continuous, rapidly decaying,
and thus integrable. Continuity with respect to ¢ € S(RY) of the integral can also be easily
checked.

The integral and the duality pairing on the right hand side of commute. As a matter
of fact, since the quantity in is continuous in & and decays rapidly one can approximate
the integral with Riemann sums. By linearity the Riemann sums commute with the duality
pairing and passing to the limit again yields

/ <K(ﬂ3); n(p" - ap) (—izg) e T TR O (2, L 21, €y Tt ts - - - ,de)>RN dé, =
Hy

<K($), /[{ 77(/)_1 : xk)(_ixk)ake_igkxkgo(xla ey Th—1, gka Lh41y--- ,ﬂfd) d€k>
k

RN
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Given the condition on the support of K the term n(p~!-z;) is identically equal to 1, so above
quantity is equal to

<K(w)§/}1<_ixk>akeiékmkSO(xlw--;wk17§k7$k+17---a$d)d§k> =
k

RN

<K(€B); (—1)akfkagf90($1,---,$k—1,§k,$k+17--~,96d)> = <

RN k

8& FFLK SO>RN .
O

Proof of Theorem [2.5.3. To prove the theorem we must check the cancellation conditions
and the size estimates (2.3.3)) on the kernel Fp K. Notice that partial duality pairing with a
test function ¢ € S(H;) commutes with the partial Fourier transform along Hy for k # j.
This facilitates the proof allowing us to reason by induction on the number d of factors in
the product decomposition of RYV. For d = 0 there is nothing to prove. Now suppose that
RN = ®re{1,...ay Hr and that the theorem is valid for all product kernels on products of up to
d — 1 spaces.

Size condition We begin with the size estimates on Fi K. Consider a cutoff function
n(xg) on Hy as explained in Decompose the kernel as K(x) = K!(x) + K?(x)
with K'(z) = K(z)n(p~" - 2x) and K?(x) = K(z) (1 —n(p~"' - 1)) for some p > 0 to be
chosen subsequently.

The support of K is bounded along H}, so by lemma any derivative of its partial
Fourier transform is given by

agkkal(xl, s Th—1, &y T 1, Tg) = Kl(az)n ((Qp)_l . :ck> (fia:k)a’“e_if’“xk dzy =
Hy,

plasll [ k(@) (p,l xk) (—ip~t - ap) e P a0 g
Hy,

The function n(zy)(—iz;)* e P) is supported in the unit ball of Hj. By choosing
p= \‘ék\\_l for any given & the above function is also bg-normalized so the cancellation
condition on K gives that

p’/k_Hak”agckkal

is an bounded family of product kernels in PKX(v(). In particular from H JJ- for any j # k
we have that

8;’“855:;&!(1(901,.--,xkfl,ﬁk,xkﬂ, e 7$d)‘ < C ||| o H H%qujfyjf”a’” -
J#k

Having chosen p = ||&]|”" we must now prove the estimate for FK2. K? is supported
away from the plane H = {z € RY | z;, = 0}. This means that K2 coincides with

a smooth function on the set RV \ (U#k Hf) We have as usual that 82;’6]-'161(2 =
Fi (—izg)** K?) and (—izg)** K? is also a smooth function on the above stated domain.

We are concerned with the size estimates when &, # 0 and x; # 0. For a large constant
C > 1 and for every coordinate x; in Hj, consider the open set such that C~1[|&| <

1 1
13%1 Mrs < C €kl Since [[&x ]| and maxjcqy,. 1 {1k, /*’w} are two homogeneous norms
on Hp, they are equivalent, so C' can be chosen large enough so that the above open sets
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cover the set RN \ H k:L We prove that Fj,K? coincides with a function and satisfies the
size estimates on these open sets.

Fix a j € {1,...,n;} and the corresponding coordinate xj ; with its dual coordinate & ;.

Consider a test function ¢ compactly supported on RY \ (U#,C Hf) where C~1 ||zy|| <
(3%

1
M < C lzg||. Its partial Fourier transform can be written as

Frp :/ o1,y Eky - ,:L‘d)e_igkmk d¢, =
Hy,

Y — LTk
Oz, ;€

¥
So(xlv"wgka"'vxd 7(15]@:87 fk T e N\~ JJ)
/Hk ) (—i&k,5)7 ko (=i&k,)" (
for any v € N. Writing down the duality relation one gets

(02 Fik? o) = <(—"$k>a’“K2% %2y T <(—Z§m)7> > )
(—1) <a;k,j ((—z‘xk)“kK(w) (1=nto- W)) T ((—ZZ”)J > -
o < SRk (a;k,j (i xi@) (1™ “'f)))) ; *”>

So on the open set above we have

Ogr FuK* = (_1)7(—1';4)7;’“ <azk,j ((—iﬂﬁk)a’“K(w) (1 —n(p™! Z’k))))

We now analyze the derivative on the kernel and distinguish the cases when at least one
derivative falls on the term (1 — 7).

%, <<mk>akK<w> (1= (o™ -m)) =
0y, ((miz) ™ K (@) (1= n(p" - z)) +

Z Oz ((—izg)™ K () % (1 —n(p~"- xk))
Y1+y2=Y
Y221

Choosing v > ay ; — vfirst term on the right hand side is integrable in x; so its Fourier
transform is given by the integral and

T (%,j (=) K (@) (1o~ m))' =

/H %, (=) K (@) (1= n(p™" - ax) ) 6o

/ o7, . ((—izy) ™ K (x)) (1 —nlp~t- xk)> e kT dy | <
lznl>rfz 7
C ka”_Qk—llk"‘Hak”_)‘k,j'y day H ijH_qy‘_Vj <
l[@k]1>#/2 £k
preettest=des T |57,
J#k
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Since we chose p = ||&/ ! and |§k’j‘ ~ ||&||* we have the necessary estimate.

For the terms with derivatives on 1 — n it suffices to notice that they are compactly
supported along Hj so one can use the cancellation property in a manner similar to the
estimates for K!

By a partition of unity argument Fj,K? coincides with a smooth function on the whole
RN\ H ,i- Since the size estimates we obtained are point-wise they hold on that domain.

Cancellation conditions (2.3.4)) For the cancellation conditions ([2.3.4)) it suffices to check
the size estimates for the family

Rk FeK (1, 21, o Tkt 15 - - - Ta) (R - &) A&,
Hy

away from z; = 0 for any j # k, when ¢ is a by-normalized bump function and for any
R > 0. When checking the cancellation condition long H; with j # k we can use the
inductive hypothesis. Since

R"3 / ka(fL‘l, sy T—1, £k7 Th41y--- 7$d)80(R_1 ' .Z']) dw] =
H;

Fi (R | K@er ) dxj)

and for any bj-normalized bump function ¢ on H; and any R > 0
RYi / K(x)p(R™" - z;)dx;
Hj

is uniformly bounded in PX(v(;)) then the required boundedness follows by the inductive
hypothesis.

When checking the uniform boundedness of the family

Rzkiyk H ‘FkK(xla sy Tl—1, Skv Tht15-- -5 xd)gp(R_l ’ Sk) dé‘k
k

for any bi-normalized bump function ¢ on Hi and any Rj > 0 we approach the cancel-
lation conditions in a similar manner. As a matter of fact for any j # k

R]V'j / Rzk_yk J—"kK(xla-'-axk—1>£k7xk+lv"'7xd)
H; Hy,
or(R - &) dey, i(R; - xj) day =
Rzk_yk/ fk (RJV]/ K(w)(pj(Rj_l . a:j) d:ZJj> (pk(Rlzl . fk) dfk
Hy, H;
For b;-normalized bump functions ¢; on H; and any R; > 0 the inner member
R;j /H K(:z:)goj(Rj_l -xj)dx;
J

is uniformly bounded in PK(v(;)) and by the inductive hypothesis so is its partial Fourier
transform. The required boundedness is the consequence of the cancellation property.
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Now we proceed to check the size estimates [2.3.3] for
R—Qk—l/k / FkK(QTl, cee sy Tl—1, ék‘? Lht1ye-- ,fL‘d)SD(R_l : gk‘) dgk:
H;

uniformly for all R > 0 and all normalized bump functions. Thanks to Proposition [2.4.11
we can take ¢ normalized with respect to an arbitrarily large C® norm.

By the duality and by the scaling property of the Fourier transform we have

R [ FeK (21, @1, €y Thot 1 - - - Ta) (R - &) A& =
Hy,

R [ K () R™ (Frp) (R - ) day, =
Hy,

R™4~Vk K(z)n(R - xp)R™ (Fre) (R - zi) dog+
Hy,

Rk ; K(x) (1 =n(R-zx)) R (Frep) (R - x) day

where 7 is a cutoff function. For the first term we can apply the cancellation prop-
erty with respect to the bump function nFre. This bump function is normalized since
InFrellcs < C | Frellco and by L — L boundedness of the Fourier transform || Fp|| o <

b/2
C ’1 + ]ac]Q‘ ¢l < C|l¢llco where the last equality holds since ¢ is continuous and

Lt

supported on the unit ball of Hj
Thus we have that

Rk . K(x)n(R - ) R™ (Fre) (R - xp) day, =
k

R | K(@)n(R - o) (Fep) (R - 2x) day
Hy,
is a uniformly bounded family of kernels and thus they satisfy the needed size estimates
uniformly. For the second term notice that K (x) (1 — n(R- z))) coincides with an L]
function on RV \ U2k H]L So away from J; H]L we have

R [ K () (1= (R 2)) B (Fig) (R o) day | <

Hy,

g
R—qk—weHijHqJ'Vj/ BT k_%

po [N (1 YR xke)

(1 +|R- kuQ) & ‘(]-"kcp) (R- xk)‘ R¥* dxy, <

ey

ot (14 f?)

By choosing s > 0 large enough one can apply Cauchy-Schwartz and get

’*Qk*Vk

(1 + ’$k’2>3/2 |(Frp) (z1)| dwg.

Rk ; K(x) (1 —n(R-xx)) R% (Frp) (R - i) day,

<

CIT sl ™™ el < € Tzl ™™ lielce
it it
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for some b € N and b > s, since ¢ is supported on the unit ball of Hy. The size estimates
for the derivatives are identical.

O]

As a corollary we have the following result for the full Fourier transform

Corollary 2.5.4.
The full Fourier transform acts in the following way F : PK(v) — PK(q — v) for any v and it
18 strongly continuous.

2.6 Basic functional calculus

The motivation for introducing kernels of non-zero order is given by the need of a basic functional
calculus. A reasonable requirement is that the classes we are working with be well behaved
with respect to derivation and multiplication by homogeneous polynomials. As we have already
illustrated in the Section for Calderén-Zygmund kernels, the cancellation conditions and the
size conditions we require on product kernels are those that naturally arise when considering
distributional derivatives of 0 order product kernels. For any multi-indexes o and for any
multi-order v let
v+a® @t ol va+ laal).
We have the following proposition that establishes a basic functional calculus.

Proposition 2.6.1 (Derivation and multiplication of product kernels).

Let K € PK(v), then the following propositions hold. For any multi-indezes o« and 3 the
distribution x*OPK € PK(v — o+ B). Furthermore the mapping K — x2OPK is continuous
from PK(v) to PK(v — a + 3).

Proof. As usual the proof goes by induction on the number of factors d of the product decom-
position of RY. For d = 0 there is nothing to prove. -

Suppose the statement is true for any decomposition in up to d factors and K € PX(v) on
RN = @ﬁi}H k. We prove this statement when the derivations and the multiplication concerns
only one subspace. Since

P K (z) = 23100 . 204 00 K ()

xy s a1 Yrat
this, by an iteration argument, is equivalent to proving the statement. We suppose that ® =
2% and 0l = 85F for some k € {1,...,d}.
Given a multi-index v we indicate by ;) the multi-index such that v, = 0 and vy ; =5
for j # k.

Size conditions ([2.3.3) First we check the size conditions. If K coincides with a C* func-
tion on an open set then its derivatives and products by polynomials coincide with the
derivatives and products of the smooth function on that open set.

)mxgkaggf{(m)‘ <c ¥

Ok +T="k
Q>0

ar =0k 9Bk +Tk Y (k
T Opr TRV K| <

< CH }|$jH—‘1j—Vj—7j Z ||xk||||akH—H0kH ||:L‘k||_Qk—Vk_”Tk+ﬁkH <

Jj#k Ok+Te="k
ap>oy

<C ||xkH—qk—l/k—HBkH+Hak||—||7k|| H ijH_qj_Vj_’Yj )
J#k
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Cancellation along H; with j # k Now we pass to the cancellation conditions (2.3.4). If
the cancellation occurs along a subspace H; with j # k then we can use the inductive
hypothesis. As a matter of fact when ¢ is a normalized bump function

RY /H ot K(x)p(R™ - j) daj = v 0% RV /H K(@)p(R™" - ;) dz;
J

j

for any R > 0. But R% [, K(x)(R™'-z;)dz; is a uniformly bounded family of product
J

kernels and by the inductive hypothesis

3k Ok RV /H K(x)p(R™ - x;)dx;
J

is uniformly bounded in (v — a + 8) ;).

Cancellation along H), Suppose p € C2° (B 1, (0, 1)) isa gk—normalized bump function with

Ek large enough to be chosen afterwards. Proposition|2.4.11|guarantees that we can choose
an arbitrary high order of normalization.

Rue—llowl+8:] | e (@)e(R ) dr =
k

R [ K (@) (R w) ™ (R - ay)) day
Hy,

Notice that R”ﬂkH@f}j (R ap) (R - 2y)) is the rescaled version of the bump func-
tion 8?,’; (z3*¢(zx)). Since ¢ is by-normalized the above bump function is (b — |Bx|)-
normalized as long as Bk > |Bk|- So as long as we choose gk > |Bk| + b the expression
above is uniformly bounded. This concludes the proof.

O]

2.7 Dyadic decomposition

As in the case of classic Calderén-Zygmund kernels, the class of product-kernels is homogeneous
with respect to multi-parameter dilation in the sense that for any bounded family of kernels
K € PK(v) the kernels

R TVK(R™' x)

for all R € (R*)? are uniformly bounded in PX(v). To better capture this idea we introduce the

multi-parameter dyadic decompositions for product kernels. We start by defining the “building
blocks”.

Definition 2.7.1.
For every 1 € R we define

SYRV) ¥ {90 € SRY)

/ zito(x)da, =0 Vel <l Vke{l,... ,d}}
Hy

SLRV) Y {so e SRN)

. ErG(&)dE =0 Yall, <l Vke{l,...,d} } .
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If, for some k € {1,...,d}, I <0 then no condition along Hy, needs to be satisfied. Using the
Fourier transform, the same sets can be described as

SHRY) = { € SRY)| 954 By ® k) =0 ¥ flanll < i Vh € {1,...,d} |

SLRN) = {apeSRN‘(‘)a’“ (20 © 08) = 0 Vel <L Vh € {1,...,d} }

We indicate So(RN) i Sg°(RN) and So(RM) d:efgf)’o(RN).

We will now look at a series of theorems that concentrate on the possibility of writing dyadic
decompositions for product kernels in terms of rescaled versions of the above-defined functions.
However we will start by proving a somewhat easier theorem which answers the converse question
of whether a certain dyadic sum converges to a product kernel of some order v. Finally we will

show how similar results can be obtained concentrating on the space localization of the dyadic
“building blocks”.

We begin by stating a condition when a dyadic sum converges to a product kernel. The
following is the product equivalent of Theorem

Theorem 2.7.2 (Sufficient conditions for convergence of dyadic sums).
Consider the product space RN = @Z:l Hy and a multi-order v € RY. Let {¢;}icza be a
bounded family of Schwartz functions that satisfy the following conditions:

o Ifke{l,...,d} is such that vy, > 0 then
/ zptpi(x)dey =0 Vx|l < vg.
Hy,
o Ifke{l,...,d} is such that vy < —qy then

0% 10 @ ) /5k Gil€)dE =0  Vowl < —aqi —

o ifke{l,...,d} is such that —q; < v <0, no condition along Hy, needs to be satisfied.
Then the dyadic sum
> vy =y oriletn) | grialatrap; (97 gy L 27 ) (2.7.1)
icZd i€Zd

has all (finite and infinite) partial sums uniformly bounded in PK(v) and it weak-* converges
to a kernel K € PK(v)

This dyadic sum has a continuity property in the sense that for any neighborhood U of 0 in
PK(v) there is a neighborhood Vir of 0 in S(RN) such that if {p;} C Viy then the series and all
the partial sums of (2.7.1)) are in U.

We can also state the conditions on {¢;} in the following manner.
{ei} € SERY) NS (RY)
Proof. The continuity property of the statement will follow from the fact that the estimates we

make on the partial sums and on the series depend only on the Schwartz semi-norms bounds of
the family {¢;}.
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Let L= {le{l,...,d} |, > 0}. Consider any partial finite sum of the dyadic series (2.7.1)).
By Theorem the family of partial sums is in PX(v) and is uniformly bounded if and only
if the partial Fourier transform along Hy, are uniformly bounded in PX(v) where v is such that

vy =—q — v ifl € L and v, = v otherwise. Set o7 = Frp; where iy = —i; if | € L and [; = 4
otherwise. For any given finite sum we have

S o) | = 3 206 (@)

iczZd ”;ezd

So it is sufficient to prove the statement only for those v so that v, < 0 for all k €
{1,... ,d}. Furthermore, in this case, it is sufficient to check the uniformity of the size conditions
and the point-wise convergence a.e. As a matter of fact, if this is proved, we can use
the Lebesgue dominated convergence Theorem to affirm that the series converges to an L}
function that satisfies - ) that by Lemma n 2.4.2is a PK(v) kernel.

Suppose now that v, < 0 for all £ € {1,...,d}. The condition that {p;} C 5’ T7Y(RN) on
guarantees that for all k € {1,...,d} and for any «y, such that ||ag| < —gx — vk we have

loc

pkpi(xr ©0p) =0

But this means that for all ¢; the following estimates hold uniformly:

Hxl”lﬂ—ql—mJ—HBlll deHl—L—qd—wJ—llﬁdH
; <C ..
7@ < o e (T + el %
for any fixed, arbitrarily large, @1,...,Qq € N. Using these estimates we write
aﬁ Z 2—11/ (2 <
iczd
O Z . q+V+ (18118l ) Hzfil _ZIH1+L*Q17V1J*||51|| Hzfid _:CdH1+L*f1dfudJ*H5d|| §
R PR T X PR T
+l-g1—v1]—(=q1—11) — 1+|[—ga—va]—(—ga—va)
ae—vi— 1B 27" - ] 27" - 2
Cp H ™ Z (14 H2_il .xIH)Ql (1+ HQ—id .de)Qd

iczd

and the sum on the right hand side converges to a quantity uniformly bounded in x. This is
true by homogeneity. As a matter of fact the quantity

—i. :B1H1+L_ql_ulj_(_(h_yl) H2—z‘d ) de1+L—Qd—VdJ—(—Qd—Vd)

12
Z (1+"2—i1 .$1H)Q1 (1+H2—z’d.de)Qd

if invariant under the transformation & — 27 - z for any j € Z% So we must check the
boundedness only on the product of compact dyadic coronas. The series converges absolutely
on such sets because the exponents 1 + | —qr — v | — (—qr — V%) are positive and so the limit is
continuous. This concludes the proof. O

We now proceed to prove that any kernel of PC(v) admits a dyadic decomposition i.e. there
is a family of Schwartz functions {p;} such that (2.7.1) holds. This theorem is the inverse of
Theorem 2.7.2]
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Theorem 2.7.3 (Dyadic decomposition for product kernels).
For any kernel K € PK(v) there is a uniformly bounded set of Schwartz functions {p;};cza
such that the decomposition (2.7.1) holds:

K@) =Y 2% (@) = 3 o-ilabn) il g,y 270 ),
icZd iczd

The sum is intended in the weak (distributional) sense and the partial sums are a uniformly
bounded family of PK(v) kernels.
The family of functions {¢;} satisfy the following conditions.

o Ifke{1,...,d} is such that vy > —qi, then {$;} are supported on the set {& | Yo < ||&k| < 2}.
In particular for all multi-indexes oy,

/ zp*pi(x)dry = 0.
Hy

o Ifke{1,...,d} is such that v, < —qi then {g;} are supported on the set {x | Yo < ||lzx]| < 2}
and in particular for all multi-indexes oy,

" @i(€)dé, = 0.
Hy,

This dyadic decomposition has a continuity property in the sense that for any neighborhood
V of 0 in S(RN) there is a neighborhood Uy of 0 in PK(v) such that if K € Uy then it admits
a dyadic decomposition {@;} C V.

Proof. Let G = {k e{l,...,d}|vk > —qx } Begin by applying the partial Fourier transform
along all subspaces Hy with k € G. In particular consider

FoK (@) <€ Fi, ... Fiyg K (@)

where ki, ..., kg are indexes of the factors in G. Let v € R? be the multi-order such that 7, =
—qr — vy if k € G and 7y, = v otherwise. By Theorem FeK € PK(v) and in particular,
by Lemma it coincides with an L} (R™) function on the whole RY. Consider a cutoff

function n(x) = Hz:1 n(z) and a product dyadic corona ¥ (x) = szl (ne(271 - ) — ni(ag))
that is supported on the corona product set {ar: | Yo < HmJH <2Vjedl,... ,d}}. We have that

d gt a) 1
i€z
point-wise a.e. . Since Fo K is locally integrable we have that
> @7 @) FeK (x) = FoK.
iezZd

Now set o ‘
vi(x) = 2’(‘1‘*"’)w(ac)}'GK@z - x)

for any i € Z¢ so that
FoK = Z 9-ia+P) 5, (971 . ) = Z insaggi)(w)_
iezZd ieZ4
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The functions @; are smooth and supported on the corona product set. Using the size
estimates on FgK we get

.FgK(Qi < Cy

Cb

Sill o = 2iat?) K2 2iat?) :
IGiller [p@rer @2, <c Ny <y

so the functions @; are equi-bounded in S(RY). Finally set ; = Fa 1&; where ¢ € Z¢ such that
i = —iy, if k € G and i, = i otherwise. Notice that such defined building blocks ¢; satisfy
the conditions of theorem and so the partial sums are uniformly bounded in the space of
product kernels. Furthermore since FgK is locally integrable on the whole RY the limit of the
partial Fourier transforms of the partial sums converge to the Fg K itself and so do the actual
partial sums converge to K. O

Now we turn to a result that allows us to have a dyadic decomposition with “building blocks”
localized in space. In particular, the procedure used in Theorem [2.7.3|guarantees the localization
of the bump functions on circular coronas along those subspaces for which the order vy, is less
than —gi. The same thing can be done for all subspaces and all orders. However if one asks for
the functions to be localized one cannot ask for cancellation of all orders on that subspace. As
a matter of fact any localized function with all moments vanishing is identically zero because
Paley-Wiener’s Theorem states that the Fourier transform of a compactly supported smooth
function is analytic.

Theorem 2.7.4 (Dyadic decomposition with localized building blocks).

For any kernel K € PK(v) there is a uniformly bounded family of Schwartz functions {¢;}icza
such that the decomposition (2.7.1) holds:

K@) =Y 2o (@)
iezd
The sum is intended in the weak (distributional) sense and the partial sums are a uniformly
bounded family of PK(v) kernels.
The family of functions {¢;} are supported on {x | Ya < |lzk| < 4 Vk € {1,...,d}} and for
any g € N? they can be chosen to satisfy the following cancellation condition:

[ aedn Vol <
Hy,

for all indexes k such that vy > —qz.

The proof is the consequence of the following lemma about the possibility of localizing in
space a “building block” on a given scale, without losing cancellation conditions up to small
corrections.

Lemma 2.7.5 (“Building block” localization).
Let ¢ € S§(RYN) for some some g with g > 0. Then there is a family {1;};cza C S§(RY)
supported on the sets where + < ||zg| <4 for any k € {1,...,d} such that

plx) =3 v (@)

iezZd

holds in the weak sense and the Schwartz norms of ; decay at least like the homogeneous

dimension ) )
211 q1 27qud

(1420) 7 (14 20)%

12707 il o < Cyr
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where Q € N are some arbitrarily large integers and Cy,+ depends only on ~y, T and the original
bounds on .

Proof. We prove this by induction on the length d of the product decomposition of RY. We
reason along H; and regard ' = zy = (z2,.. ., xq) as parameters. Let ) be a cutoff function
along Hy and set 0(z1) = n(271 - 21) — n(z1). Thus 6 is a smooth function supported on the
corona Y5 < ||x1]| < 4. Now for any index o on Hj such that |a| < g1 choose a smooth function
fa € CX (B(0,4) \ B(0,%)) on Hy such that

x| fa(z1)dzy =6, = . .
[y, Fotan ao {0 ifa#
This can always be done inductively. Define
(@) = [ atplaa)o@ o) oy
Hy

Af@) =) af(@) =) af(a)

j>i j<i
because ) ;.7 af(z') = 0 by hypothesis. Furthermore we have that

a@)] < Ca [ o2t a)] doy < Coziortled
B(0,4:2%)

and for an arbitrarily large Q1

a8 (@)] < Ca Jall® @ )T o )| dan < Ca1 4 2@
H1\B(0,2¢—1)
° o oilar-+ol)
|aft(2")| < Cam
d al
ane amo . (a1 +lal)

Since Y. 0(27" - x1) — 1 a.e. and in the distributional sense we have

p(x) =) 027" z1)p(x) =

i€z

= [e@o -z = 3 ap@)z @D fy 27 a) +

icZ la|<ly

Do (AR - Ax() 2 et fo (27 ) | =

lo| <l

Yo |e@oez) = Y af(@)2 el £ 27 ) +

i€Z |Oé‘§l1

3 4%() (2—(i—1><q1+|a\> Fu(276D) ) — gilantlal (9 xl))

|| <l
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Now set

o, 2) € | p@)p m) = 3 af (@) @D fo (27 ) +

lo|<ly
+ Y A (27<i71>(q1+\a|> Fa(2707D gy — gil@tlaD fa<2*i.x1))
loo|<ly
so that

i(ry, ") def 20 (20 xy, )0 (x1) — Z ad (227 £ (1) +

lal<h
+ Y 2lelag (@) (20l (2 m0)  falen))
o] <ly

By the inequalities on a$(x') and A% (x’) we get the needed decay on all except the first term.
For the term 291 (2" - 21, 2")0(z1) notice that

|70z, 2002 w120 < €2 @D 07 plan, )|
and
‘)x1/8;12iq1g0(2i : xl,w/)ﬁ(:cl)Hoo <Cyr

Og,0(w1, <Cyr(1+ 2i)_Q1.

)
‘Hl\B(O,T'*?) o

All of the addends are supported on the needed dyadic corona and it can be easily checked that
/ x{pi(xy, 2’ ) dry =0
Hy

for any |a| < g;.
The proof is then concluded by induction. As a matter of fact we can now write

p(z) =D 2710y (270 3y, 2)
112
and apply the induction hypothesis along «’ to each v;, with x1 as a parameter. O

We now proceed to the proof of Theorem [2.7.4

Proof of Theorem[2.7]] Take K € PK(v) and write the associated dyadic decomposition
(2.7.1) given by Theorem [2.7.3}

K(a:) — Z 2—1'1/()0227') (33)
ic€zd

Let G = {ke€{l,...,d} | vk > —qr}. The functions ¢; are uniformly bounded on S(RY),
are supported on {x | Yo < |lzx]] < 2 Vj ¢ G}. Without loss of generality, suppose that
G = {1,...,|G|} are the first |G| subspace indexes and indicate xg = (x1,...,7|g|) and =’ =
() = (T|¢|+1, - - - Td)- Recall that for k € G we have that

/ zFpi(x)dey, =0 Yoy,
Hy,
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To prove the theorem we will have to localize the dyadic decomposition along the subspaces
H;. for k € G so from now on we will think of the coordinates =’ as parameters.

Choose I such that I > v, and @ such that Qr > v — g for all k£ € G. For every ; apply
lemma 2.7.5 and write

i@ = Y 3 (e, @)
iezIGl

where we intend that the rescaling occurs only along @|g. The sum holds in the distri-
butional sense and 1,7 are uniformly bounded functions in S (RY) and are supported on

(x| Yo < |lax]| < 4VEk e {1,...,d}}.
As a consequence, any finite partial sum we have

> 2 (@) = > )
i€zd i=(iq,i')€(ZIGxz2-161) ’
i€(ZIG x{oyd-1¢T)

Now, changing the set of summation so as to group “building blocks” on the same scale, we get
with h =17 +1

—iv (2% —hvoiv, (2P
S 2w (@) = 3 9-hvy z/;;g?g(m).
iezd h=(hq,h')e(Z|6xz-1G1)
i€(zZIG x{oya-161)

Notice that 2% = 2i6¥¢ where 1¢q = (i1, . . . 77|G\) and vg = (v1,...,V|qg|) S0 just set

Pi(x) = Z 2T i i ()

gg€Z|G|

However since for any k € G we have that vx + qr > 0 and v + ¢ — Qr < 0, by the decay
given by [2.7.5| the sum above converges uniformly with all derivatives to a compactly supported
smooth function. So

/ P G(@) e =0 Vel < Iy
Hy,

for all k € G, and all these “building blocks” are supported on {@ | Yo < ||lzg]| <4 Vk € {1,...,d}}.
Furthermore the dyadic sum holds

iezd

and the partial sums are equi-bounded since the hypotheses of theorem hold. O

As a consequence of these lemmas we have a uniform approximation property for product
kernels of arbitrary order.

Corollary 2.7.6.
Let K € PK(v). There exists a uniformly bounded sequence K, of kernels in PK(v) that
coincide with smooth functions with compact support and that weakly converge to K.

Proof. Use theorem to write a dyadic decomposition for K with localized “building blocks”.
The partial sums are kernels with compact support uniformly in PX(v). O
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2.8 Further properties

2.8.1 Different product decompositions

We now deal with the relationship between product kernels adapted to different product de-
compositions of RYV.

Definition 2.8.1 (Coarser product decomposition).
Consider two product decompositions { H; }j€{17~--,g} and {Hy}reqa,... ay- The decomposition { Hy}requ,... ay

s coarser than {ﬁj} 0 if there is a partition JyU...UJg={1,... ,c?} consisting of non-

jefl,..

empty sets Jy, such that Hy = @, Hj. Vice-versa {ﬁ]} is said to be finer than {Hy}.

When working with product kernels we need to take in account what naturally happens to
the multi-orders if we are considering with a coarser product decomposition.

Definition 2.8.2 (Admissibly coarser orders).
Let {Hj}je{l,...,i} and {Hy}reqa,...ay be two product decompositions of RN such that {Hy} is
coarser than {flj} and Hj, = @je]kﬁj. Given two multi-orders v € R and & € RY relative to
the decompositions {Hy} and {ﬁ]} respectively, we say that v is admissibly coarser than the
order v (v is admissibly finer than v) if vy, = 3 ,c; V; and for any k € {1,...,d} such that
|Jk| > 2 we have that —q; < v; <0 or —q; <v; <0 for all j € Jj.

We have the following result about product kernels adapted to different product decompo-
sitions

Proposition 2.8.3 (Product kernels adapted to different product decompositions).
Given two product decompositions {Hj}je{l,.“,i} and {Hy}reqr,...ay of RN with respective multi-

orders 7 € RY and v € R? such that {Hy} is coarser than {fIJ} and v is admissibly coarser
than v then

and the inclusion is continuous.

Proof. Let Hy, = ®j€Jk ij. First let us suppose that v, < 0 for all k£ € {1,...,d} and that for

any k such that |J;| > 2 and for any j € J;, the inequality —g; < 7; < 0 holds. Lemma is

applicable to kernels in PKy,1(v) and PK { ﬁ_}(ﬁ). It states that such kernels coincides with
J

an L} function on the whole RY. To check that a K € PK{m,y(v), being locally integrable, is
in PK(v) it suffices to check the size conditions (2.3.3)), so all we need to prove is that

d d o B
H ||$k||_Qk_Vk_”04k” < CH H HEJ,H*quuijajH
k=1

k=1j€Jy,
where, supposing Ji = {jk,la---ajk,\(]ﬂ}? o = (ajk,m"'aajk,uk‘)a ar = Zjejk &}7 and v =
>_jeu, Vi as usual. Bearing in mind that [|zx| ~ > ;c;, |25, and [|ax|| = > i |@;]], the
generalized Young’s inequality gives that
Qe tvetlall
~ ||gTVit] @ ~ ~ g+
H ijHqJ 7+ ||| <C Z H%H ~ ||| e llek |l

JEJk JEJk
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as long as all the exponents are positive (which is the case by hypotheses). This gives the above
inequality and thus

d d o~
00K @)| < O T a1t < ¢ TT TT gl 1o
k=1

k=1jeJy

proving the statement.
In the more general case we use the Fourier transform. Let

L:{k||Jk|22and —qj<§j,§0 VjGJk}U{k||Jk|:1ande20}

and let Fr be the Fourier transform along the subspaces indexed by L. Let g be such that
pr = —qr — v if k € L and py, = vy, otherwise. Correspondingly let p; = —q; —v; if j € Ji
with k € L and pi; = v; otherwise. By Theorem Fr : PKig,y(v) = PKyg,(p) and
]551 : PK ( ﬁj}(ﬁ) — PK{p, (V) and both mappings are continuous. Notice that p is admissibly
finer than g and in particular —g; < pi; < 0 for any j € Ji with k such that |J;| > 2 while for
any j € Jj the inequality 1i; < 0 holds. Applying the first part of the proof one gets that

,FL_I O}—L : PIC{Hk}(V) — PK{ﬁ]}(ﬂ>

and is continuous. This concludes the proof. O

2.8.2 Kernels with bounded support

In Section we talked about kernels with bounded support along certain subspaces in the
product decomposition of RY. These kinds of kernels have some interesting properties. In
general there are no non-trivial inclusions between classes of product kernels of different orders.
However this is not true if we are dealing with kernels with bounded support

Proposition 2.8.4 (Kernels of bounded support of different orders).

Let v and p be two multi-orders such that v, < py, for allk € {1,...d} and if v; S pj for some
J then pj < 0. Let J C {1,...,d} be the subset of those indexes for which v; S pj. For any
fized constants M; > 0 with j € J we have that

{K € PK(v)

spt K C {a:‘Hx]H < M;Vje J}} C PK(p)

and the inclusion is continuous.

This proposition can be proved by verifying the necessary cancellation and size conditions
by hand. However it also follows immediately from the following important property.

Theorem does provide us with a dyadic decomposition for kernels in PK(v) but, even
though it uses localized “building blocks”, the decomposition does not respect the boundedness
of the support of a given kernel. As a matter of fact even if the support of K is bounded along a
certain subspace Hj the dyadic sum could span all the indexes i, € Z. However, to address this
shortcomings in dealing with kernels with bounded support, we have the following two results

Theorem 2.8.5 (Convergence of dyadic series with bounded indexes).
Given a subset of indexes J C {1,...,d} and bounds on indexes m; € Z for j € J let

{piticza
1;<m; vjedJ
be a bounded family of Schwartz functions such that p; satisfy the hypothesis of Theorem

along subspaces Hy, with k ¢ J. Let us also suppose that the functions {y;} satisfy the following
properties along the subspaces H; with j € J for which v; > 0.
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o Ifi; <mj then
/H. x?jgoi(m)dxj =0 VHajH <vj.

J
o Ifi; = m; then

/H. :U?jgoi(a:)dacj =0 v ||ley]| < vj.

J

Then the dyadic sum

> 2P (@)
iczd
ij Smj vied

converges to a product kernel in the distributional sense and all the partial sums are a uniformly
bounded family of product kernels.

The dyadic series possesses a continuity property in the sense that for any neighborhood U
of 0 in PK(v) there is a neighborhood Vi of 0 in S(RY) such that if {¢;} C Vi then all the
partial sums and the whole series are in U.

Theorem 2.8.6 (Localized dyadic decomposition for kernels of bounded support).
For any K € PK(v) such that for a certain subset of indexes J C {1,...,d} and for some
m; € Z we have that

spt K ||z <2 vjes}.
There is a uniformly bounded set of Schwartz functions

{%’}iezd
ijgm]'—Q viedJ

such that the dyadic decomposition

K@= Y 277" () (2.8.1)
icz?
ijgmj—Q vied

holds. The series converges in the weak (distributional) sense and the partial sums are a uni-
formly bounded family of PK(v) kernels.

The functions {¢;} are supported on the set {x | Yy < |lay]| <4 Vk e {1,...,d}}. For any
1 € N9 the family {p;} can be chosen so that along those spaces Hy with k ¢ J, {@;} possess
the properties given by Theorem with cancellation order l. For every j € J the functions
{@i} possess the following cancellation property along H;.

o Ifi; <mj; —2 then
/H. x?jcpi(a:)dmj =0 V|ey]| <45

J
o Ifij =m,; — 2 then
/H. e pi(w)dz; =0V ||y < vy

J

The decomposition possesses a continuity property in the sense that for any neighborhood V/
of 0 in S(RN) there is a neighborhood Uy of 0 in PK(v) such that if K € Uy and K its support
bounded as in the hypothesis then K admits a dyadic decomposition with {@;} C U.
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Proof. Let us reason by induction on the number of factors Hy along which the support of K
is bounded. If the factors along which the support is bounded are 0 there is nothing to prove.
Suppose the proposition is true for all kernels with supports bounded along up to D — 1 factors
H with D > 1.

Let the support of K be bounded along D subspaces one of which is Hy for a certain k. We
have that

(277 ) K (x) = K(z)

where 7, is a cutoff function on Hy. Let us write the localized dyadic decomposition for K as
given by Theorem and apply the above observation:

K(x) =n (27 - xp) K (x) = Z 27 Wy (27 xk)go?i)(zc).

iczd
ij Smj—z V]EJ\{]C}

For iy, > my + 2 the terms are identically 0, for i < my — 2 the cutoff function g (27" - xy) is
(2%)

identically 1 on the support of ;" ’(z). Let us put

o7(x) i < mp—2
o 3 9 (ik—ik) (ax+we) o, (x(k) @ 9~ (ik—ik) xk) i = My — 2
vi(@) = i=i; j#k

ikE{F’LTk—Z...;{k-i-Q}

0 i > mp — 2

The cancellation conditions for i < mj — 2 are immediate while the ones for iy = my — 2
can be checked using the fact that the series must converge to a product kernels of the correct
order. O

2.9 Convolution algebra and functional calculus
We will now see how product kernels of different orders behave with respect to convolution.

Theorem 2.9.1.

Let K1 € PK(v) and Ko € PK(u) such that v, px > —qr and vg + pg > —qi for all k €
{1,...,d} and let Ty and T3 be the convolution operators associated to Ki and Ko respectively.
Then the operator Ty o Ty is well defined on S(RY). The associated kernel is in PK(v + ) and
we indicate it as Ko * Ky. Furthermore, let

K@) = Y 2796 @) Kolw)= 3 2 ) ()

i€zd i/ezd

be two dyadic decompositions of K1 and Ky satisfying the hypotheses of Theorem [2.7.3. Then
the kernel Ky x Ko is given as the weak-* limit of the double dyadic series

D3 <z—iq¢g2"> ciayf? >> (a)
i€zd i'ezd

Thus the operation x : PK(v) x PK(pn) — PK(v + p) is a continuous bilinear map.
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In general 7; and 73 are continuous operators from S(R™) to S’(RY) so there is no immediate
way to define their composition. However suppose there exists a X such that S(RY) ¢ X C
S'(RN) endowed with its own topology (X,7) such that S(RY) is dense in (X, 7). If 7; is a
continuous operator from S(RY) to (X, 7) and T, extends to a bounded operator from (X, 7)
to S’(RN) then 75 o 71 can be defined as the composition of the extension of 75 with 7;. We
will use this idea in the proof of Theorem [2.9.1

Proof of Theorem[2.9.1 On S(RY) let us introduce the norm

d

lellx & H IEI1#* + 1) §(€)

k=1 L1(RN)
and let X be the completion of S(RY) with respect to this norm. It is easy to see that 7y is a
bounded operator from S(RM) to X. As a matter of fact K; € Lloc and so if p € S(RY) is such
that 3 € D(RY) we have that F (Tip) is given by the function K (£)3(€) and

H]:(Tl‘P)HX <0

because vk + ke > —qi. On the other hand 75 extends to a bounded operator from X to S’(RN)
K2 is locally integrable and the size inequalities ([2 on K2 guarantee that the inequality

|F (T29)|| 11 < Cllellx

for all ¢ € S(RY). For these reasons we can define 73 o 7 as the composition of the extension
of Tz with 7. Let (X’,7') be the completion of S(RY) with respect to the norm

def
lellx = 112l -

Convergence in X’ implies convergence in S’(RV).

The dyadic decompositions of K7 and of Ky converge poinwise a.e. and the Fourier trans-
forms of the dyadic series converge poinwise a.e. Since the partial sums of the dyadic series of K
are uniformly bounded in PK(v), by Lebesgue dominated convergence theorem, the operators
71,7 associated to the partial sums of the series

K]_J Z 2 ’qgol CC)
ieJczd

converge in the strong operator topology to 7; and for all finite J C Z¢ the image of the operators
T1,s are in S(RY) so the composition 73 o Ty s is well defined. Furthermore the operators T
associated to the partial sums

Ky gy (z Z 2" Zq”L/f ( )
i'CJ'ezd

extend to uniformly bounded operators from (X, 7) to (X’,7’) and the extensions of 7 j con-
verge in the strong operator norm to 7. This means that 75 ;- o 77 ; are associated with the
kernels Ky j % K1 5 and for J,J' 1 Z% the operators T2,y o T1,7 converge in the strong operator
topology to 72 o T1. Notice that

Ky yx Ky j(x Z Z ( zq(P?i) * 2""‘%@? )) (x).

icJ i'eJ’
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Furthermore the partial sums can be rewritten by setting

o)™ S (2 ) @

(i,8)eIx.J’

max(¢,¢')=1"

where {@;»} are a uniformly bounded family in S(RY) with the required strong cancellation
conditions.

The boundedness of the bilinear mapping * : PX(v) x PK(u) — PK(v + p) is due to the
fact that Theorem allows writing dyadic decompositions with a small dyadic family of
S(RN) functions if the kernel itself is small. O

It is important to notice that the above Theorem actually guarantees that if K and Ko
coincide with Llloc functions for which the convolution is defined and is an LlloC kernel then it
is associated to the composition of the two operators. Using the Fourier transform we can also
define the multiplication of product kernels for a certain range of orders.

Corollary 2.9.2 (Multiplication of product kernels).
Let v and p be two multi-orders such that vy, ur < 0 and vi + pur < —q. Then the multiplication
operator (K1, K3) — K1Ks is well defined and continuous from PI(v)xPK () to PK(v+p+q)

2.9.1 Further functional calculus

Let us define the differential operators £, on Hj given by

Lup(ar) = F (= llenl> 260

for all ¢ € S(Hy). Using spectral theory we have for all s € {z € C | Rz > —qi} the operators
(—£) = F 7 (ll&l™ 3(&))

For s = (s1,...,54) € C? such that Rs, > —¢q; the product operators (—L£)* are given by
d
(—£)® = F [ T] Ieel™ &)
k=1

for any ¢ € S'(RN).
We have the following theorem about the relationship between product kernels of different
orders and differential operators (—L£)% .

Corollary 2.9.3 (The action of (—L)%).
Let v be a multi-order such that vy, > —q; and s € C* such that 2Rs, > —qi and vy, + 2Rsy, >
—qg. Then the map K — (—L)3K is continuous from PK(v) to PK(v + 2Rs).

Proof. 1f T is the convolution operator associated with K then (—L£)*K is the kernel associated
with the operator 7 o(—L)*. (—L£)*® acts by multiplication on the Fourier side by szl(ka )2
and since 2¥ts > —g we have that the function ngl(kaH)st is locally integrable so it is in
PK(—q — 2Rs) with —gi — 2%sp < 0. This means that (—£)® is a convolution operator relative
to a kernel K(_zys € PK(2%s). By Theorem we have that

(—L)°K = K * K(_pys € PK(v + 2Rs)
0

As a result we have that for multi-orders v such that vy > —qi for all k € {1,...,d}.
K € PK(v) if and only if there exists a kernel K € PK(0) such that K = (—£)"72K.
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2.10 Operators associated with product kernels

We now pass to considering the convolution operators associated with product kernels. The
theory developed earlier is particularly useful to prove boundedness results on appropriate
functional spaces.

2.10.1 Littlewood-Paley theory

A technique to prove LP boundedness that we will use is the Littlewood-Paley estimates and
square function estimates. This approach is based on the idea of studying series of “quasi-
orthogonal” operators in LP. We develop this technique directly in the product setting. The
theory of one parameter square function estimates can be found in [grafakos2008classical.

Definition 2.10.1 (Rademacher square functions).
Suppose we are working on the tensor product of unit intervals I¢ = [0; 1]d. Let i € N% then the
Rademacher function is

d
rift) < [ (-
k=1

where |t| is the greatest integer less or equal to t.
Rademacher functions have some very important properties.

Proposition 2.10.2.
The Rademacher functions r;(t) as i € N are an orthonormal non-complete family in L?(1%).

Proof. Orthonormality can be checked by explicit calculation. Notice that choosing 7 # i/ € N9
we have that r;(¢t)ry (t) is orthogonal to all Rademacher functions. O

Furthermore we have the following crucial equivalence of norms known as Khintchin’s The-
orem.

Theorem 2.10.3 (Khintchin’s Theorem).
On the L? subspace generated by the Rademacher functions all LP norms for p € [1,+00) are
equivalent.

Proof. First suppose that 2 < p < 4+00. Since we are working on a space of total measure 1,
Hoélder’s inequality gives us that

11l < 1fllzw -
Let us prove the inequality in the other sense. Suppose that p = 2k for some m € N, k£ > 1.
For any
F@E) = ami(t)
€N
in<l

we have that

2 2
S / Q. e (t) . T ()AL < Co Y adi L age = ||F]75
iteNd r iteNd
,,:QmHéNd ,im.é.Nd
The theorem for 1 < p < 2 follows by convex interpolation of norms. As a matter of fact

1fllze < 110 z2
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and
1£072 < I f o 11

But since the p’ =7%/,_; norm is equivalent to the L? norm this gives us what we need. Finally
for p = 1 one can do use the interpolation of norms with respect to some norm L? with
1<qg<?2. ]

As a consequence of these two properties we have the following lemmas that characterize
“quasi-orthogonal” operators on LP.

Lemma 2.10.4 (First boundedness criterion for series of quasi-orthogonal operators).
Let {T;}; with i € N¢ be a family of bounded operators on LP such that for any choice of a

multi-sequence
d
€; = H Ekyig>
k=1

where gj are some sequences with values in {+1,—1}, any finite sum of operators satisfies

> e <A

i€ JCNd Lo—Lp
for some constant A independent of J and of €. Then the operator

TF AT Y ien (2.10.1)

is bounded from LP to LP(1*>(N?%)). In other words we have the following inequality

1/2
> ITifP < GpAllfllps (2.10.2)

icNd
Lr

Proof. We prove inequality (2.10.2)) for finite partial sums. Since all the terms are positive, the
boundedness for the series follows from monotone convergence. Let J C N be a finite subset.
Let us write the expression

> ri®)Tif ().
e
Taking the LP norm in the x variable and then integrating in ¢ we have
P

/ D rt)Taf(x)||  dt < AP||fT, .

d
lies I

Exchanging the order of integration and using the equivalence between the L? and LP norms in
t given by Theorem [2.10.3| we get

p p
ri(t)Tif(x)|| dt = ri(®)Tif (z)| dtdz <
) [T
P/ Y2
6 [[Simr@P) a=|| S mr
ieJ ieNd

Lp



and this gives us inequality (2.10.2)) for all finite partial sums and for the whole series by a
limiting procedure. Furthermore using inequality (2.10.2)) all truncated operators

TJf = {ﬁf}ieJcNd

are uniformly bounded from LP to LP(I2(N%)) and converge in the strong operator topology to

T. -

A consequence of the above lemma is a boundedness results for the adjoint operators. It is
easy to see that for 1 < p < oo the dual space of LP(I*(N%)) is the space L¥ (I*(N%)).

Lemma 2.10.5 (Second boundedness criterion for series of quasi-orthonormal operators).
Let 1 < p < oo and let {T;} be a family of operators with the same hypothesis as in Lemma
12.10.4. Then the operator

TUSES T

i€Nd

is bounded from LP(I12(N%)) to LP.

Proof. Since (Lp(lz(Nd)))* = L¥ (I2(N%)) this statement follows by duality to Lemma [2.10.4
As a matter of fact the family {7} satisfies the hypothesis of Lemma [2.10.4] for p’. Let

def

Tf - {T*f}zGNd

It is sufficient to notice that '7'{ fi} = T* and since by Lemma [2.10.4 7 is bounded from L?'
to L¥ (12(N%)) we have the result. O

Notice that the exact same statements hold true if the indexes % are in Z% rather than N¢.

Definition 2.10.6 (Littlewood-Paley functions).
Consider a product space RN = @k 1 Hy, and for each k let o (z) zef}"_lnk(fk) where Ny are

cutoff functions on Hy. Let (k) ) 2% (2 - xg) — pr(zk) and P(x) = ®‘,j:1 Yr(zK). We
say that the family {1;};cza defined by the relation

def

i = ) =27y (27 a)
1s a family of Littlewood-Paley functions.
We have the following lemma for LP functions.

Lemma 2.10.7 (Strong convergence in LP).
Let f € LP(RY; X) then

hm E vixf— f
zeZd
lir|<M

in LP norm.

Proof. Notice that

> 2270 y) = 2M g (2M - ) — 27 (Mg (2 (ML g
li|<M
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SO

_ 2—]\4 2M—1
S =t ST Lo ) [T e
|¢e|zj\4 Jc{l,...,d} jeJ k¢ J
1<
We have that

/ or(@p)day =1
Hy,
so for J = {1,...,d} the term
2—M 2M—1 2—]\/[
[ e led @n= I ¢ @)
jeJ k¢J je{1,....d}
is an approximate identity as M — co. On the other hand, if J # {1,...,d} then the term
2—M 2M—1
[1eF @ [Te @
jeJ keJ

tends to 0 in LP as M — oco. Since all the partial sums are bounded on L? by 2¢ we have that
the statement hold for all f € LP N L'. The statement follows by density for all f € L?. O

We can now proceed to the fundamental result of norm equivalence of the Littlewood-Paley
theory.

Theorem 2.10.8 (Littlewood-Paley decomposition).
Let {1p;} be a family of Littlewood-Paley functions on the product space RN = @zzl Hy.. Then
we have the equivalence of norms

H{f * 'ﬁl’i}ieZdHLp(p(zd)) ~ HfHLp .

Proof. The family of convolution operators
Tif =[x

associated to the Littlewood-Paley functions {1;} satisfy the conditions of Lemma [2.10.4] and
thus of Lemma 2.10.5l As a matter of fact the sum

E €iT;
i€ JCN4

for any sequence
d
€; = H kg
k=1

is a tensor product of CZ kernels. Tensor products of convolution operators coincide with the
composition of the operators acting along the single subspaces. Thanks to Theorem [1.2.13] each
Calderon-Zygmund operator is bounded on LP and using elementary Bochner integration the
tensor product is also bounded on LP. The uniformity is given by the fact that the bounds on
the dyadic elements do not depend on the choice of the signs e.

Using Lemma [2.10.4f we have
H{f * wi}iEZdHLp(ZQ(Zd)) <C Hf”LP :
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To see the converse notice that the family {t; * 1;} also satisfies the conditions of Lemma
and of Lemma [2.10.5] As a matter of fact i; x1; are the functions v * 1 rescaled. Using
Lemma 2.10.5 and Lemma 2.10.7 we have that

Yovixvixf| <O *¥ikiczall o za)

ieZd p
but

S istpixf| o~ fl

iezd Lp

-1 ~
because taking the Fourier transform both (Ziezd @bf) and Y;c7a 97 converge to Mihlin-
Hoérmander multipliers. O

2.10.2 Boundedness of product kernel operators

We begin this section with results on boundedness on Sobolev spaces.

Theorem 2.10.9 (Boundedness on Sobolev spaces).

Let K € PK(v) and suppose that for those j for which v; < 0 the support of K is bounded along
Hj;. Then the convolution operator T associated to K extends to a bounded operator between
the (anisotropic) product Sobolev spaces

T:H® — HY.

The operator norm of T depends on the bounds on K and in particular for any fized choice
M; € R for those indexzes j € {1,...,d} for which v; < 0 and for any constant C' there is a

neighborhood Vo of 0 in PK(v) such that if K € Vo and spt K C {:1: ‘ Hx]H < Mj} then the

associated convolution operator T has operator norm bounded by C'.

Proof. Since K has bounded support along the spaces H; with v; < 0 we can set v = v VvV 0
and Proposition [2.8.4] guarantees that K € PK(v). Using theorem we can see that the
multiplier m of T is a locally bounded function that satisfies

d
m(€)] < e [T el ™ -

k=1

However, since K € PK(v), m away from the origin satisfies the size conditions on PKX(—qg—v)
so we have that

d
m(€)] < Cic [ (1 + l1ge )™
k=1
Recalling the definition of H?® in terms of multipliers gives us the desired result. O
We now pass to proving boundedness on LP for 1 < p < oco. To do this we will use the multi-
parameter Littlewood-Paley theory illustrated in Section [2.10.1} Before proving the positive

result we show via a counterexample why the approach used for proving boundedness for CZ
operators does not work. In particular product kernels are not L' — L. bounded.
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Example 2.10.10.
Consider R? seen as the product space R x R and let p.(x) = 6_21[75,5}2(@. The double Hilbert
transform Hy ® Ha is not bounded from L*(R?) to L. (R?). In particular

lim £ ({:1: | |H1 @ Hape ()] > 1 }) -

As a matter of fact
H1 @ Hope = *Hl_c o @HL. 4.

A simple calculation yields

1 T+ e
Hl[ s,s]( ) *log T _ ¢
so for x > 2¢
1 r+e €
—€ T

and thus
{ac ’ |H1 @ Hope(x)] > 1} D {(ml,:m) ‘ T1xe < T2 xq, 10 > 25}.

For e — 0 the right hand side has unbounded measure.

Theorem 2.10.11 (L? boundedness of product kernel convolution operators).
Let K € PK(0) then the associated convolution operator T extends to a bounded operator on
LP(RN).

Proof. We need to prove that for any f € D(RY) we have

1+ Kl < Cpllfll o -

Let {%;} be Littlewood-Paley functions. We have seen in the proof of Theorem [2.10.8| that the
convolution operators associated with the functions {1; * 1;} satisfy the hypotheses of Lemma
2.10.4] and of Lemma [2.10.5] Using the second lemma we have

1f = K| » < H{f*K*wz *w’i}HLp(lQ(Zd))
Setting

d
def (K %)(2 ) _ 1 H Me(2°&) — ne(&r))

we have that {¢;} is a uniformly bounded family of functions in S(RY). We also indicate

def

fi =[x
Suppose for now that p > 2. We expand
1/2
H{f * Kk ¢z * wi}HLp(p(zd)) = Z f’L * (p»EQ )
iezd P2
but
(279 (2 %) 2

fir o /\s@ @ity [ 168~ o)Ay < i [ |4 (x—y>\ F)|* dy.
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We can write

2
Z fz*@z )‘ <C sup / Z <|f22

i€Zd P/ geL(F2)’ iczd
L gl (o <1
L(27¢
e s 3 [P ([ ot ) do <
gEL(p/2>l 'iEZd RN
||9||L(p/2 <1
L(27¢
sup / > 1fil () sup (s@ﬁ : *g(-’v)> da <
geL(Fr2) iczd 1€Zd
llgll () <1
2
> Il sup <<P( |+ M)‘
iczd 1o, 117627 L)
The maximal type operator
L(27%
s s (|7 slal@)
i€zd

is bounded on L("/2)". This is true because we can bound ¢; from above by

d ng

lpi(a)| < w(@) < op [T T+ lewsh)

k=1j=1

where x, ; are the eigenvector coordinates with respect to the dilations on Hj. Let us introduce
a finer multi-parameter structure on RY. Let each eigenvector xy; be considered a product
factor so we have

) *|g|<m>) < sup (|

i'ezZN

sup (‘@EQI * \g\(w)) )
iczZd

The operator

| +lgl(@))

g — sup (‘w(z_
i'ezN

is the composition of maximal type operators along all coordinates. It is sufficient to prove
boundedness on L2 for the one-dimensional operator

(1) = sup lg| = (2% (14 2%y 1) 2)
i'e

But this holds because it can be controlled from above by the Hardy-Littlewood maximal
operator.
As a consequence we have that

1 % Kl = ([ 5 K 5 % 0} | poagzayy < Ok 1 * 6i | sz = 1F1Lss
for p > 2 as required. The result for 1 < p < 2 follows by duality and interpolation. O
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2.11 Changes of variables and diffeomorphisms

We will now study the effect of changes of variable on product kernels. Suppose that ® : Q@ — RV
is a diffeomorphism of a certain open domain €2 onto its image in R"V. Given some distribution
T € D'(RV) we can define the distribution 7o ® in D’(Q) by setting

/Q T o ®(2)p(x)dz /R TG (det qul) () ¢ (qu(g;’)) da’

for all test functions ¢ € D(Q). If ® is a sufficiently well behaved diffeomorphism then if
T € S'(RN) then T o ® € §'(RV) with spt T C Q. This is true for all diffeomorphisms if € is
compact or if T has a fixed compact support contained in ®(£2). In other cases one needs to
impose additional requirements on the diffeomorphism. We will now deal with the stability of
product kernels with respect to changes of variables. A geometrically relevant fact that we must
ask of the diffeomorphisms we are dealing with is that they conserve the singular subspaces,
and that the same hold for the inverse diffeomorphism ®~1.

Definition 2.11.1 (Product diffeomorphism).
Let ® : Q — ®(Q) C RN be a diffeomorphism of the open domain Q C RN with its image. We
say that ® is a product diffeomorphism if

POQNHE) Cc HE  Vke{l,...,d}

and
Y@ NHLY) c HEY  Vke{l,....d}.

We say that ® is a product diffeomorphism of a compact domain if it is defined on a compact
set Q) and it extends to a product diffeomorphism of an open neighborhood of ).

The product diffeomorphisms of a fixed domain €2 onto itself form a group under composition.

We now concentrate on some properties of product diffeomorphisms that are useful in rela-
tion to product kernels. However, this study can be carried out only on Euclidean spaces with
a standard system of dilations.

Lemma 2.11.2 (Differential inequalities for diffeomorphisms).
Let ® be a product diffeomorphism of a compact domain and let ®* be the coordinate along Hy,
of ® for any given k € {1,...,d}. We have the following differential inequalities.

Ci ] < [0 @)| < Cy ]
(2.11.1)

02| () < Cap(1+ |op)) 1o

Based on the previous inequalities we introduce the following terminology.

Definition 2.11.3 (Uniformly bounded product diffeomorphisms).

Given a domain Q D @ By(0,2™) let us consider product diffeomorphisms of Q into RN. We
say that a family of such diffeomorphisms is uniformly bounded if there are constants Cy and
Ca i such that the inequalities hold uniformly for the whole family.

Definition 2.11.4 (Stretching of product diffeomorphisms).
Given a domain Q D & B(0,2™) let us consider a product diffeomorphisms ® of Q into RY.
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For G C {1,...,d} we call the stretched diffeomorphism along the spaces Hg with parameter s
the diffeomorphism ®, ¢ defined for s > 0 by the relation

def s ok <m(G)EBs'wg> ifkeG

i =
" () @ 5 26) ifk¢G
and for s = 0 by the relation

wr | 0260 (20) @ 06) 26 ifkeG

O =
o (a:(G) ® OG) ifkd¢G
on the domain where the right-hand side is defined.

It is easy to check by direct calculation that for any given G C {1,...,d} the mapping
(s,x) = @5 c(x) with s > 0 is smooth on the domain of definition. It is also useful to notice
that for £ € G we have the equality

D, D (m(G) ® OG) xG = 0y, OF (m(G) ® 0G> -

because @, as also ®, conserves the singular subspaces.

Lemma 2.11.5 (Boundedness of stretched product diffeomorphisms).

Let us fix a domain Q O Q) Br(0,2™) and let us consider a bounded family of product diffeo-
morphisms of Q into RN. For any given G C {1,...,d} the product diffeomorphisms obtained
by stretching all the kernels of the family along Hg are defined at least on Q) B (0,2™) and are
uniformly bounded for the parameter s in the range 0 < s < 1.

Proof. The proof of this property can also be obtained by verifying (2.11.1)) directly. O

We also need a lemma on the convergence of dyadic series with building that do not have
complete cancellation along all subspaces but only a weak equivalent.

Definition 2.11.6 (Weak cancellation).
Let

{6iticza C S(RY)

be a family of functions uniformly bounded in S(R). We say that this family has weak cancel-
lation (with parameter €) along subspaces H; with j € J C {1,...,d} if there exists an € > 0

such that for any subset of indexes JcJ

o—emin {i;|j ]} pi(z)dx 5
Hy

are a uniformly bounded family of functions in S(H()).

Proposition 2.11.7 (Dyadic sums with weak cancellation).
Consider a multi-order v and let J C {1,...,d} such that v; =0 for j € J. Let

{‘Pi}iezd

be a uniformly bounded family of functions in S(RN) that possesses the following properties.
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o The family {¢;} possesses weak cancellation with some parameter € along subspace H;
with j € J.

o Ifke{l,...,d}\ J is such that vy > 0 then
| srei@dn=0  Vial <
Hy,

for some Il € N, i > .

o Ifke{l,...,d} is such that vy < —qy then
ki (O © () = /H §FGi(8)de =0 Yag| <1,
k

for some I}, € N, I > —qi, — v > 0.
o ifke{l,...,d} is such that —q; < vx <0, no condition along Hy, needs to be satisfied.

Then for any fited M € Z the dyadic sum

> 2 (a)
iczd
i; <M VjeJ
converges to a kernel in PK(v). All the partial sums are uniformly bounded in PK(v).

Proof. This proof is closely related to the proof of Theorem We reason by induction on
|J|. For J = () the statement reduces to Theorem Suppose that the statement is true
when |J| < D — 1 for some D > 1. Let us suppose that k € J and let

) det k()

) T e ——
Mk (@ T (o)

Now set
~ def _¢e/.5
File) U2 Pnan) [ er(@don,
Hy,

We have that
{pi — 272 5;}

is a family of Schwartz functions that satisfy the hypothesis of the proposition and have weak
cancellation along J\ {k}. Using the induction hypothesis the dyadic sum relative to this family
converges to a kernel in PK(v). On the other hand let ¥ be the multi-order such that 7, = v
for I # k and v, = —%,. Then {@;} is a family that satisfies the hypothesis of this preposition
for the multi-order v with weak cancellation of parameter % along J \ {k}. Furthermore the
resulting kernel is bounded along Hj so Proposition [2.84] states that there is a continuous

inclusion PK(v) < PK(v). This concludes the proof.
O

We have the following stability theorem for product kernels.

Theorem 2.11.8 (Product kernel stability w.r.t diffeomorphisms).

Let K € PK(v) be a product kernel on RN = @gzl Hy, with multi-order v such that v, <0 for
allk € {1,...,d} and with bounded support along all subspaces Hy.. Let ® be a product diffeomor-
phism of a compact domain Q@ > ®{_, Bx(0,27*) such that spt K C @%_, Bx(0,2™) C ®(Q)
for some m) € Z. Then K o ® is a product kernel in PK(v).
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For any fized bounds my € Z the mapping K — K o ® is continuous from the kernels in
PK(v) such that spt K C ®g:1 B, (0,2™) C ®(Q) to PK(v). Furthermore if ® varies among
a uniformly bounded family of product diffeomorphisms then the kernels K o ® are uniformly
bounded.

Proof. We indicate ®* e 7 0 ®. Theorem gives us the decomposition (2.8.1). Since the
support of all the dyadic building blocks is inside the image of ® we can write

Kod(x)= ) 2 (d(x)) = D 272y (27 o()).

i€z icz4
ip<mj —2 i <mj —2

As a matter of fact the above equality holds in the distributional sense because the mapping
Y(2') — (det D®1) (') is continuous from D ($(€2)) to D (€2). Q is compact so ®(12) is also
compact and ® extends to a diffeomorphism of an open neighborhood ' of Q2. Let p € C°(RY)
be a function that is identically 1 on a neighborhood ®(92) and 0 outside ®(€2'). Notice that
®(Q) is compact. For any ¢ € S(R) we have

Kod(z)(z)de ¥ [ K od(z)p(z))(z)dz =
RN RN
K(x) (det D<I>*1> (x)po ® Hx)p o & (x')da'.
RN
The above expression is well-defined and independent of p because K is supported in the compact
set (2 and ® is smooth. By a slight abuse of notation, omitting p we can write

Kod(z)p(z)de = | Kz (det qul) (@) 0 @ L(z')da’ =
RN RNV
/ 3 2w () (dethrl) (') o & (z)da’ =
RN
icz4
iy <m/,—2
—iv, (29
Z / 27", (D)) Y(x)de.
iezd RY
ijSm;—Q
By setting

File) =i (2702 )
we have that

Kod(@) = Y 273" (a). (2.11.2)

ez
i <mj, —2

Using (2.11.1)) we have that the support of @; is given by
p & {m | 202 < ‘q)k(Qi : a:)‘ < 2““‘*‘2} = {m | (4C%) 7" < |zp] < 4C’k}.

The differential inequalities (2.11.1]) on the diffeomorphism also guarantee that ¢; are bounded
in S(RY).

67



We will now show that @; has weak cancellation along J = {j € {1,...,d} |v; =0}. Let
j € J and we write an expansion for ®¥ with an integral remainder term. Taking in account
the geometric properties we have

1
27 PR (20 ) = / 0y, OF (t S g @ 28R m(k)> zpdt.
0
Now expanding in z; we have for k = j

271']'(1)]'(27: . CL’) =0, -(I)j (O @21(]) T(; )) T+

/ / 82 o’ (tltz 2 . xj @22(3) T(; )) x5 tldtldtg

and for j # k we have

1
2—qu)k(21 . w) — / 8xk(1)k (tl .9tk . xp B Oj D 2({4,k}) . w({j,k})) :Ekdt1+
0

1 1
2% / / 8xkaqu)k (tl C2% . Dty - 2Y . T; @ 28 kD) w({j’k})) xpxjdtidis.
0 0

Since we are working on the domain D that is compact and since ¢; < M we have that 21 x; is
bounded. Using the differential inequalities (2.11.1)) we have that the remainder terms

. 1 1 . . .
Q']L (x) d:ef/o /0 82]@)] <t1t2 <24 . T D 28G) . m(j)> x?hdtldtg
and
Qf(m) = / / axkaxj ol <t1 Sy Dty - 2Y T; P PACERIN az({],k})) .’L‘kl‘jdtldtg.
0 0

are uniformly bounded and have uniformly bounded derivatives for all admissible 4. The in-
equalities ([2.11.1)) also guarantee that the map

1
/ axk(I)k (tl AL T D Oj @ 20k . :B({]’k})) rpdty
0

is smooth, uniformly bounded, and has all derivatives uniformly bounded. So, by setting

OF () 27 0F (20 + (¢ — 1)29 Q) ()

we can write
Fil@) = ¢ (B04(w) 2’92/ (01 ) (y4(2)) QF ()t

P ;(x) has the property that 7 (ngi(a:)) is independent of x; for j # k and for a fixed ;)
the ; (<I>0,,-(:L')) is a linear non-degenerate map from H; onto itself. In particular this means

that
/ © (<I>07i(m)) dxj =0
H

J

2% / @(m)dxj
H.

J

and thus

is a uniformly bounded family of functions in S(H;)). To see that weak cancellation holds for

a generic J C J it is sufficient to choose J € J such that ij is minimal among z; with j e It
suffices to apply the reasoning above and then to integrate along the remaining variables x 5 A1

By Proposition [2.11.7] the resulting dyadic sum (2.11.2) converges to a kernel in PK(v). O
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2.11.1 An application of functional calculus

We now show how the functional calculus we developed can be applied to the problem of product
diffeomorphisms. We start from some lemmas.

Lemma 2.11.9 (Continuity of composition with respect to diffeomorphisms).

Suppose @5 with s € RTU{0} is an indezed family of product diffeomorphisms of a compact set
Q such that the mapping (s, x) — Ps(x) is smooth and all @ satisfy the conditions of Theorem
. Given K € PK(v) that also satisfies the requirements of Theorem the mapping

s+ Ko dg

is continuous from RT U {0} to PK(v) with the strong topology.

Proof. When s varies over compact subsets of RT U {0} the smoothness of (s, x) — ®(x) gives
us the uniform boundedness of the family of diffeomorphisms ®,. Furthermore for any ¢ € D(2)
we have that s — det (CIDS_l) o ®; ! is continuous as a mapping into D(RY). This means that

s+ Ko dg

is continuous in the weak-* sense. By uniform boundedness of K o ®,; and Proposition the
mapping is continuous with respect to the strong topology on PI(v). O

Now suppose that we have a smooth, uniformly bounded vector field W,(2) on RY such that
for any k € {1,...,d} we have that W,(x) € Hi" if z € Hi-. It follows that the flow ®, of such
a vector field is a family of diffeomorphisms that satisfy the hypothesis of Lemma Now
suppose that K is a kernel with compact support in PK(v) with v, < 0 for all k£ € {1,...,d}
and let us also suppose that K coincides with a smooth function. We can write that

d d
(K o ®,) (0a, K) 0 D) ( )_(VK)O¢S-£<1>S

ds

M&

k=1

Notice however that
(VK)o ® =V (K o®;,)o (D<I>S)’1 =V(K o®y) - (DP_) (D).

Taking in account that @, is the flow of W, so

d
S o, = W, 0 dy,
ds °

we get the differential equation
d
g(K 0d,) =V(Ko®)- ((D(ILS)WS) (Ds).

Let Ws def ((DQD,S)WS) (®s). It is easy to verify that WS is also a smooth, bounded vector

field for s € [0,7] for any finite T and it satisfies W(z) € Hl if ¢ € Hf. This means that
|zt W () is also smooth. So we have

Ko® =Ko q>o+z 8kao<I))]a:k]7rk<|xk] (m))dx. (2.11.3)
k=1"Y5=
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Since
s+ Ko dg

using Proposition the mapping
5 > Og, (K 0 @) |z

is also continuous from R™ U {0} to PK(v). Since
i (|~ Wia(w))

is a smooth function in (s, ) and K o®, has compact support, the whole integrand is continuous
function depending on s with values in PX(v). For this reason the equation can be
also written for any K € PK(v) and not necessarily for a smooth function. This holds by
approximation. Using the continuity of all the maps above the integral can be approximated in
the strong topology on PX(v) by piecewise sums.
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Chapter 3

Flag kernels

While the theory we developed in the previous chapter is interesting in its own right it also
happens to be a test case for any type of multi-parameter theory. However the class of product
kernels is too large for many applications. In some sense a generic product kernel has “too
many” singularities. For this reason we want to concentrate on a similar “multi-parameter”
or product class of distributions, flag kernels, whose singularities are in some sense more con-
trolled. In particular product kernels have singularities along all coordinate sub-space corre-
sponding to the product factors. Flag kernels, on the other hand, have singularities concen-
trated along only one coordinate subspace. Many of these results have been recently published
in [nagel2012singular].

Definition 3.0.1 (Flags and gradations).
A flag on RN, is a finite sequence of subspaces that we will indicate (Vk)ke{07...,d} such that

{0} =VocVic...cVy,cVy=R",

We say that an ordered sequence of subspaces (Hk)ke{l,...,d} is a gradation adapted to the flag
(Ve)kero,...ay o

k
Vi=@H;, Vke{l,..d}.
j=1

Observe that while a gradation naturally determines a flag, the same flag can possess more
than one adapted gradation. The gradation associated with a given flag is not unique. A
gradation gives us a natural product space structure on RY. If RV is endowed with a family
of (non-isotropic) dilations we will only consider flags compatible with that dilation structure.
In particular we ask that all subspaces Vj be eigen-spaces of the family of dilations. This is
equivalent to asking that there be an associated gradation of eigen-spaces. We extend the usual
notation described in Section If J C{1,...,d} is a subset of indexes then the flag Vj is
the flag on H; associated to that ordered gradation.

Once a gradation has been chosen for a given flag we can also introduce the product space
coordinates so that, as usual, * = (x1,...,x4) with x € Hy. If V} is a subspace of the flag
then d(x; V), the distance from the subspace, is equivalent up to a constant to the expression

d(z; Vi) = ||zega|l + ..+ [lzal -

Flag kernels are similar to product kernels and many properties and proofs will be formally
similar to the ones in Section [2] However, we note that we introduce flag kernels of order 0. As
a matter of fact, extending the definition to other pseudo-differential orders is less trivial than
what we have done for product kernels, even for “good” orders v such that v, > —qp.
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3.1 Definition

For a given flag (Vi)ieqo,....qp let us fix a gradation of RV, (Hk)reqi,....ay> compatible with the
flag. We recall that

We will later show that the definition of flag kernels is actually independent of the gradation
and depends only on the flag.

Definition 3.1.1 (Flag kernels).
Consider a flag (Vi)re{o,....qy with an associated gradation (Hy)keq,... -

For d =1, the class of flag kernels FK (g, coincides with CZ(0) on RN as deﬁn.
We say that a family of kernels in CZ(0) is uniformly bounded if the inequalities (1.2.4) and
hold with uniformly bounded constants.

For d > 1, we say that a distribution K € S'"(RN) is of class FK(m,) if, away from the
subspace Vyg_1 = Hdl, K coincides with a smooth function i.e.

Koy, €€ (RN \ VH)

and it satisfies the following two kinds of conditions:

Size conditions
991 .. 00K ()| < Cod(z, Vo) 0l d(a, Vy_y) eIl (3.1.1)

for any ® ¢ Vy_1 and for any multi-inder c.

Cancellation conditions For every k € {1,...,d} the distributions

/K(m)gp(R_l - xp)day, (3.1.2)

obtained by contracting K with all possible rescaled C'-normalized bump functions @ on
the subspace Hy, are a family of flag kernels on Hy, relative to the flag V(g and to the
corresponding gradation (Hj)j;ﬁk’ uniformly bounded with respect to R > 0 and to .

We say that a family of kernels in FK g, is uniformly bounded if the bounds arising inductively

from (3.1.1) and (3.1.2) on all the kernels of the family are uniformly bounded.

The formal difference between product and flag kernels consists in the size conditions. The
cancellation conditions are expressed in a similar way. On the other hand it is immediately
evident that the size conditions do not depend on the gradation but only on the flag. We
will usually omit explicitly writing the dependence on the flag and on the associated gradation
by indicating the class of flag kernels simply as FK.

As we did for product kernels, the lower bounds on the constants that appear inductively
from and can be combined to form a family of semi-norms on F/C and to define
a Fréchet space topology. A non-inductive definition of the semi-norms on FK similar to
Definition [2.3.2] is notationally very complicated so prefer to avoid it. From now on we will
indicate as FI the space of flag kernels endowed with its strong topology. We now turn to
some basic topology results on FK that correspond to those obtained in section
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3.2 Topology

Flag kernels are very closely related to product kernels. As a matter of fact flag kernels form
a special subset of product kernels of order 0 and the strong topology on FK is finer than the
one on PK. This can be easily checked since by induction on the length of the flag d.

As a consequence, some properties on PK(0) apply immediately to flag kernels.

Proposition 3.2.1 (The semi-norms separate points).
Let K be a flag kernel with all norms arising inductively from conditions (3.1.1)) and (3.1.1])

equal to 0. Then the kernel is trivial.

Proposition 3.2.2 (Weak-* and strong topologies).
The following relations between the strong topology and the weak-* topology hold on FK:

1. The strong topology is finer than the weak-* topology on FK.

2. For any bounded set V€ S(RY) and any € > 0 there is a neighborhood Uve of 0 in FK
such that if o € V and K € Uy, then ’fRN K(:z:)go(w)da:’ < e. Vice-versa for any bounded
set U € FK and any € > 0 there is a neighborhood Vi; . of 0 in S(RN) such that if o € Vi
and K € U then ‘fRN K(m)gp(m)dm‘ <e.

3. On bounded sets of FK weak-* convergence can be verified only on a dense subset of test
functions.

4. On bounded sets of FK the weak-* convergence implies strong convergence.
5. The weak-* closure in S'(RN) of a bounded set in PK(v) is a closed subset of FK.
6. The semi-norms on FK are lower semi-continuous with respect to the weak-* convergence.

As a consequence, the space FK is, too, complete with respect to the metric given by the
family of semi-norms.

Corollary 3.2.3 (Fréchet space topology).
FIC with the topology given by the family of semi-norms arising as the lower bounds of the

constants in (3.1.1) and (3.1.2) is a Fréchet space.

As for product kernels there is a certain flexibility in the choice of the normalization order
for bump functions in Definition

Proposition 3.2.4 (Bump function normalization orders).

Let FK be the class of flag kernels with the exception that in the deﬁnition we require that
the bump function in condition be bi-normalized for some by, > 1. Then the classes FIKC
and FK coincide as vector spaces and have the same topologies.

Proof. The proof goes along the same lines as that of proposition for product kernels.
We recall the main idea of the proof.

The continuous inclusion FK(v) C FK(v) is obvious since the conditions on FK(v) are
more strict.

To prove the converse we reason by induction on the length of the flag d. For d = 0 there
is nothing to prove. Suppose that d > 1 and that the proposition holds for flag of length up to
d — 1. To prove the statement for a flag kernel K € FK adapted to a flag of length d we must
only check the cancellation conditions on K. As a matter of fact the size conditions are
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the same for both classes ./7::16(1/) and FK(v). Furthermore it suffices to check that given such
a kernel K, for any k € {1,...,d} the family of kernels

K(@)p(R™ - 2) da
Hy,

is uniformly bounded in FK when ¢ is C'-normalized and R > 0. This last class coincides by
the induction hypothesis with FIC.
To prove the above uniform boundedness one decomposes ¢ using [2.4.1] into

plor) = @len) + Y wealn)
|8]=br+1
where ¢ is bi-normalized and (g are 0-normalized. It is thus evident that

K(@)F(R™ - 2) da
Hy,

is in the correct class ﬁC(Vk). For the remaining term

K(CB)(R_I . mk)BgOﬁ(R_l . x;c) dzy,
|Bl=br+1 Hy

one uses an argument based on the integrability of K (az)a:f across Hj-. O

3.3 Fourier transform

A somewhat similar result to holds for flag kernels. We must illustrate the relationship

between flag structures on an Euclidean space RY and the induced flag structures on its dual
(RY)"

Definition 3.3.1 (Dual flag).
Let (Vi)keqo,....ay be a flag on RN . The dual flag (vk)ke{o,...,d} on the dual space to RN is given
by the relation

Vi=AmV, ={€c RV |&x=0 V& cV,}.

Given a gradation (Hg)req1,....dy on RN the dual gradation (ﬁk)ke{l,...,d} on (RN)* is given by
ﬁk = ﬂ Ann Hj.
ik
Notice that R A
{0ycVycVyc...cVicVy=RM)*

and
o~ d o~
Vi= P H;
j=k+1

so the order of the flag is naturally inverted. Choosing a basis of eigen -vectors for the dilations

-----

on (RN)* such that in particular

d ng
(& ) = Zz&,ﬂk,j-

k=1 j=1
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We now define flag multipliers on the dual space (RY)*.

Definition 3.3.2. R

Let m € S’ ((RN)*) and fiv a dual flag (Vi)reqo,....ay- A locally integrable function m is a flag
multiplier if it is smooth on (RN)*\ Vi = (RN)*\ H{- = {€|& =0} and it satisfies the following
size conditions:

\agm(g)( < Cod(g, Vy)~leall _q(g, 7y leal (3.3.1)

for all € ¢ Vi and all multi-indezes o

Remark 3.3.3.
The lower bounds on Cq in (3.3.1) are a countable family of semi-norms that define a Fréchet

space structure on the space of flag multipliers FK.

We have the following theorem about the relationship between flag kernels and flag multi-
pliers.

Theorem 3.3.4 (Fourier transform of flag kernels).

Let K € FK be a flag kernel on RN with respect to a flag (Vk)keqo,...ay- Then the Fourier
transform of K is a flag multiplier with respect to the dual flag (Vi)reqo,.. .ay- Vice-versa the
inverse Fourier transform of a flag multiplier with respect to the flag (Vi )reqo,....ay s a flag kernel

in FK ;). The Fourier transform is continuous form FK to FK with continuous inverse.

Proof. First we prove that the Fourier transform of a flag kernel is a flag multiplier. We can
suppose that K has compact support. We need to prove the differential inequalities on the
multiplier.

We reason by induction on the length of the flag d. For d = 0 there is nothing to prove.
Now suppose that d > 1 and the proposition is true for all flags with up to d — 1 terms. Let
Ej C (RV)* such that [|&]] > ||&]| for all j < k and if & < d — 1 then [|&] < [|€41]| and let
Li =A{1,...,k}. We prove that for any multi-index o« we have that

a0 (7, K) e, (0,))

is a family of flag kernel in @,y on H(,) with respect to the flag V() generated by the
gradation H(r,) uniformly bounded in £z, .
By the induction hypothesis this means that for any multi-index «
g R(&)] = |08 (Fu, Fius, K)()] <

CocllEx Mol g 1ol (gl + gl 7120 gl + - + leall) Mol

Since we are reasoning on the set Fj this gives us the necessary differential inequalities.
To prove the previous statement we write

e illemsll o8 (Fo,, 1) (Ery m(1) = / (=i &l @ p, ool K @)ewntinday, =

> /H [Tl zplielc —ny) (e zj)e%
JCLyg Ly jeJ
[T (illel e (e z)e & K (z)der,
leLi\J
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where 7 is a product cutoff function on Hy,. Notice that (—z’xl)Hal||m(xl)e*ml(ﬂﬁu_lfl) is a
normalized bump function on H;. For each j € J we choose a direction &j,; so that H@H =
ATl . . .
|j,a;1 7% and we integrate by parts along z;,; a sufficiently large amount of times and we
reason as in Theorem 2.5.2]
The proof of the converse follows a similar technique together with the cancellation estimates

like the ones carried out in the proof of Theorem [2.5.2) O

It is easy to see that the flag multipliers do not depend on the choice of the gradation for
the flag (V). Because of this flag kernels also do not depend on the gradation but only on the
flag.

Corollary 3.3.5 (Flag kernels do not depend on the specific gradation).

Let (Vi)keqo,....ay be a flag and let (Hy)pequ,.. ay and (H})reqr,...ay be two gradations adapted to
that flag. Then the two classes FK (g, ) and ‘FIC(HIQ) given by Deﬁnition coincide and have
the same topology.

3.4 Dyadic decompositions

3.4.1 Flag kernels and product kernels

As mentioned before, product kernels are a test case for multi-parameter singular integrals. We
have also seen that flag kernels with adapted to a flag (Vk)ke{o,...,d} are a subclass of product
kernels adapted to any given gradation corresponding to (V%).

The class of flag kernels adapted to a given flag is strictly smaller than the class of corre-
sponding product kernels. As a matter of fact, flag kernels can be thought of as product kernels
with flag-localized supports. This is best illustrated by the following remark.

Proposition 3.4.1 (Product kernels supported near flags).
Suppose that K € PK(0) is a product kernel with respect to a product decomposition { Hy}req1,... ay
with arbitrary order v. If the support of K lies in a flag segment

{z |l a1l > C2 |22l > ... > Callzall }

for some positive constants Cy,...,Cq > 0 then K € FK(y,) with respect to the flag (Vi)
generated by the gradation (Hy). Furthermore the inclusion of the class of product kernels
PK(v) supported such a flag segment with fized constants Cy, into FI(v) is continuous.

Proof. On the flag segment above the quantities d(x, Vi) = ||zky1| + - .. + ||z4| are bounded
from above and from below up to a constant by ||xg41]. As a consequence size conditions
2.3.3) on K imply the flag size condition (3.1.1). The cancellation conditions (2.3.4) and
3.1.2) coincide. O

However, even though the class of flag kernels is, per se, smaller than the corresponding class
of product kernels, we have an inverse property stating that product kernel can be decomposed
into flag kernels, although adapted to different flags. This corresponds to decomposing RY into
different regions close to different flags.

Theorem 3.4.2 (Decomposition of product kernels into flag kernels).

Let K(x) € PK(0). Then K can be represented as a sum of flag kernels with respect to the
flag {Vi? }reqo,....ay such that V7 = EB}C:OHU(k) where o € Sy is a permutation of the indexes
{1,...,d}.
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Proof. Using Theorem [2.7.4] we write a space localized dyadic decomposition for K. Now write
the sum (2.7.1)) in the following way:

K@) =3 Y o).

o€Sqiel,CZ4

We choose the subsets I, C Z¢ to be a partition of Z¢ so that if 4 € I, then (1) 2 -+ 2 lo(d)-

Setting
def 2¢
K, (z) &3 o) ().
1€Js

is a flag kernel with respect to the flag (V7)reo,..qy- As a matter of fact the inner sums
converge to product kernels by Theorem Since the ; are localized on product coronas
(not a crucial assumptions, they might have been product balls), by Proposition K, is a
flag kernel of the needed type. O

In Section [2.8.1]| we have shown that product kernels contain all product kernels adapted to
coarser product decomposition of R™Y. We will show that a similar remark holds for flag kernels.
As a matter of fact the proofs of some of the properties ahead depend on being able to write
down flag kernels in a very specific manner up to correction terms that are flag kernels adapted
to a coarser flags.

Definition 3.4.3 (Coarser and finer flags).

Consider two flags (V})je{o ) and (Vi.)kefo,....d} on RN. The flag (Vi)kequ,....ay 18 coarser than

index s € {1,... ,CT} such that Vi, = ‘7&@ If (Hy)kequ,....ay and (ﬁj)je{l.

associated respectively with the flags (Vi) and (Vi,), then (Hy,) is coarser than (Hj).
Vice-versa the flag (V})je{l b is said to be finer than (Vk)ke{l,...,d}-

ay are two gradations

Remark 3.4.4 (Notation for coarser flags).
Let (V’f)%e{l 0 be a flag on RY and let (Vi)keq1,....ay be a coarser flag. There is a choice of

a partition {1,...,d} = J1U...UJgif k <l and if a € Ji and b € J; then a < b. For
ke{l,...,d} the gradation (Hy) defined by

Hy, = Hy,

is a gradation for the flag (V). Vice-versa any partition satisfying the above properties defines
a coarser gradation and thus a coarser flag.
Proposition 3.4.5 (Kernels adapted to coarser flags). N
Let (Vj>je{1,...,£f} be a flag and let (Vi.)reqa,.. .ay be a flag coarser than (V;). Then a flag kernel
K € FK,) is also a flag kernel in ]-'IC(V). The inclusion
J

18 continuous.

The same holds for flag multipliers adapted to the respective dual flags. The inclusion map-
ping _

L FK

(Vi)

e

18 continuous.
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Proof. The proposition is trivial for flag multipliers. As a matter of fact it is sufficient to see
that the size conditions on flag multipliers (3.3.1) for a coarser dual flag (V}) imply the ones

relative to the finer flag Vi ). Using the Fourier transform we get that the inclusion ¢rx of

flag kernels is given by the composition on the continuous maps
LFK = ]-'OLj_.,\Co}"_1

where (25 is the inclusion between multipliers. O

3.4.2 Dyadic decomposition for flag kernels

Using the previous characterization of the Fourier transforms of flag kernels we may now proceed
to establish properties of dyadic decompositions for flag kernels. In Theorem we showed
how to decompose a product kernels into flag kernels adapted to different flags by separating
the dyadic decomposition of a product kernel into separate parts with ordered scale indexes
©. The next results shows that all flag kernels are essentially of such nature. We begin with a
result about when a dyadic sum converges to a flag kernel.

Proposition 3.4.6 (Sufficient conditions for convergence of dyadic flag series).
Consider the flag (Vi)reqr,...ay on RN and an associated gradation (Hi)kequ,...ay- Let

{pi} sezd CS(RN)
> iy

be a multi-parameter family of uniformly bounded Schwartz functions such that the cancellation
conditions hold:

/ i(x)dey, =0  Vke{l,...,d}.
Hy,

The dyadic sum

K@= Y ¢ (3.4.1)

ez
1> >ig

has all (finite and infinite) partial sums uniformly bounded in FK and it weak-* converges to a
kernel K € FKC.

Proof. The proof is similar to Theorem for order 0 kernels. The constraints on the indexes
of summation give the necessary size estimates.
The Fourier transform of the dyadic sum is

Z P_i(27-€).
i€zd
11<...<ig
For any finite partial sum we can write
o D P29
iczd

11<..<ig

As in Theorem [2.7.2] we have, due to the cancellation conditions on ¢;, that
2i(€) = 0 when & = 0.
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But this means that for all ¢; the following estimates hold uniformly:

1A ||€1H1*H61H 1A ||§d”1*||ﬂdH
(L+[[&D@ (1 + [|€all)@a

for any fixed, arbitrarily large, Q1,...,Q4 € N. We will now prove by induction on the number
of product factors d that for any ig € Z we have that

9ei(e)] < Co

8 Y F2 8| <Ch(20+|nl) o (2 + ol + - 1zl b
iez?
i0<i1<...<ig
For d = 0 there is nothing to prove. Suppose that d > 1 and the above statement holds for any
number of product factors up to d — 1 Using the above estimates together with an argument
similar to the one used for size estimates in the proof of theorem we can write for any
finite partial sum

1A H2—i1 ‘£1H1—II61II
(C+ 2 -e)@

gD P29 <Cs Y, 27
i€z i1€2Z¢
i0<’i1§...§id 10<t1<12...<1q

9—i||B || 1A [[27% '§2H1 Bl 1 A |2 'del 1Bl

(1+ HQ%Q .§2H)Q1 T+ H2*id .é‘dH)Qd <
s LA 2 g
C" o—itllAull :
P2 e

. -l 18l
(2" +llaall) (2 Dl )

Supposing ji € Z is such that 271 < [|& | < 2717 we write £ =277 . &. Rewrite the last sum
as

e LA g ST ~ligall
22 T e (2" +lel) (2 el ) =
1A H2_i1 ‘éHl_”ﬁl” —[I181ll
o—dllBall Z g—i1llBull — <2i1+j1 + ”52”)
i1>i0—j1 (1+ HQ‘“ '§1H)Q1

o =184l
(2 el )

If 49 > j1 then the term

-l
o e

(1+ HQ p gH)Q (211+Jl + ||§2H) (211+]1 +||§2H +H§d||) <
2 1 1

=181l

R e Y T )
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and the series 27151l > i >io—in 2~ ullBll is bounded by 28l Since ig > j; and 27t ~ ||&||
this gives the need inequality. If j; > 79 then we separate the sum into two pieces

1= 18]
| A 2| o I
g=hlial § omhlal 1 (2“+]1+H§2||)
G (1+ Hz—u .ng)Ql
. ~ 84l
(el D) =
1A HQ*“ g Hl—”ﬁl“
| | & . 18]
2Bl 3™ g-ialin 1 (2“”1+H£QH)
i1>0 (1+ HQ’“ '§1H)Q1
. ~ 84l
(el )

=l
A&

1 —
sl galal il (2 + ) I
0>11>i0—71 (1 + H2711 . é_lH)Ql

. =84l
(el )

The first part follows in a similar manner to the case when ig > j;. Otherwise we can write

e
2 '€1H ~[18

14|
o=l Z g—it[|A1]

0>i1 >50—j1 (1+ HQ_“ 'ng)Ql

(2" + &l )

. =84l
el ) <

, N\ =Bl - =181l - , _
c2o+2m) T (212 ) (2042 ]+ al)) T

1A H2*i1 .EIHI_”Bl” it =181l
S gl Il 2h i u&u)
0>i1>i0—j1 (1+ HT“ 'le)Ql 20 &l

- —[I1Ball
(Wl Tl + - ufdn) -

291 + || ol + - . - [|€all

- N\ Bl ; — 1Bl o _
C (210 + 2]1) 1 (210 + 2]1 + H€2||) . (220+2]1 + ||£2H + ... HgdH) ||5dH
ST 2alsl Hg—il .glu)—cgl.
0>11>%0—7J1
Since ||£1]] > 1 the last sum is uniformly bounded and this gives proof. O

We also have a converse theorem expressing a flag kernel as a dyadic series. The idea
behind this theorem is similar to the one we used in Theorem We will divide the dyadic
decomposition of a flag kernel K seen as a product kernel into pieces with ordered summation
indexes. Indexes not ordered naturally with respect to the flag will add up to terms that are
flag kernels adapted to coarser flags.

Theorem 3.4.7 (Dyadic decomposition for flag kernels).
Let K € FK be a flag kernel relative to the flag (Vi)reo,....ay- There is a bounded set of Schwartz
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functions

{pitieza C S(RM)
112>...210q

such that the following decomposition holds:

K@= Y () (3.4.2)

1€Z4
112...2%q

The sum is intended in the distributional sense and the partial sums are a uniformly bounded
family of FIC kernels.

The dyadic functions @; can be chosen to satisfy either of the following two types of condi-
tions. For any multi-index i let the indeves {1,...,d} = Ji1(3) U ... U Jg ;) (%) be subdivided in
a partition of non-empty sets such that if k < k' and a € J, and b € Jy then iy > iy while if
a,b € Ji then iq = 1ip.

Space localization Every function ; is supported on the set where Yy < HxJkH < 4 for all
ke{l,...,d(2)}. Furthermore for any fized I € N the family {p;} can be chosen

/ x%pi(x)dx;, =0
Hy,

for allk € {1,...,d'(2)} and any multi-index o such that ||a| < 1.

Frequency localization Every function o; has its Fourier tranform p; supported on the set
where Yo < ||z, || <2 for all k € {1,...,d'(¢)}. In particular

/ x%pi(x)dx;, =0
Hy,

for all k € {1,...,d} and any multi-index cx.

In both cases, the decomposition of K is such that

K@) = Y ¢ (@) +T(x). (3.4.3)
2,

The family of functions {@;} satisfy strong cancellation conditions and in particular they satisfy
the conditions allowed for by the Theorem for Ji = {k} for all k € {1,...,d}. T is a sum of
flag kernels adapted to coarser flags.

Proof. Let K € FK be a flag kernel. Using Theorem let us write a dyadic decomposition
of the kernel intended as a product kernel of order 0. If we aim for space localization then
we should use Theorem directly, otherwise we should apply Theorem to the Fourier
transform. As we did in the proof of Theorem [3.4.2] we can rewrite the dyadic series in the

Ez)=Y Y @)=Y Kz

o€Sqicl,Cczd o€Sq

following way:

where the subsets I, form a partition of Z¢ such that if 4 € I, then lg(1) = -+ = lg(d)- We also
require that if o is the trivial permutation and ¢ € I, then iy > ... > 4.

By Proposition K, is a flag kernel adapted to the flag V7. However since the supports
of all the inner sums are essentially disjoint each term is also a flag kernel adapted to the original
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flag V. This means that if o is not the trivial permutation K, adapted to a coarser flag. This
is true because of the following consideration.

If we have chosen to do a space-localized dyadic decomposition then it follows that K, is
supported on the set where

’xcl

However if o is not trivial then there are two indexes j,j" € {1,...,d} such that j < j/ but
o' (§) > oM (). ~ |

+ ot wall = |2 + -

|2

To)| 2 0. 2 Ca

o

| + - + oot |zall -

The size conditions on K, become

|02 Ko ()] < Co (l21]| + - -+ [|zall) 7100

(lsll + -+ Wzl @t e esliliossald g ol gy =zl o

that are relative to a coarser flag. The cancellation conditions relative to a coarser flag can also
easily be checked. If frequency localization was chosen the same argument can be done for the
Fourier transform of the dyadic series.

As a consequence we can write down the following decomposition:

K@) = Y. ¢ @)+T@)
i€zt
11>...214
where T are flag kernels adapted to coarser flags and {y;} is a uniformly bounded family of
Schwartz functions that satisfy the conditions of cancellation and localization (space or fre-
quency respectively). We can further decompose the coarser terms dyadically and add up the
results.

Any given coarser flag (V) )ireq1,....1y 18 associated to a partition JiU...UJy = {1,...,d} as
specified in Remark Different partitions give different coarser flags. For any index i € Z¢
such that 71 > ... > i4 there is a unique partition of such type J; U...UJy ;) such that if a € J
and b € J; with k < [ then i, > i; while if kK = [ then i, = i;. The dyadic decomposition for a
kernel adapted to a coarser flag associated to a given partition is given by

) =3 ¢ (@) + T(x)

where the summation goes over only those indexes ¢ that correspond to the partition. This
effectively concludes the proof. O

Because of the above theorem it is easy to see that Proposition [3.4.6] is not optimal. In
particular a dyadic sum is allowed not to have cancellation on the terms with “diagonal” sum-
mation indexes 2. These terms account for flags adapted to coarser degree. To incorporate this
theory we introduce weak cancellation.

Definition 3.4.8 (Weak cancellation).
We say that a uniformly bounded family of Schwartz functions

{¢iticza  CSRY)

1> >y
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possesses weak cancellation with parameter € > 0 if

/ pi(z)dzr =0 (3.4.4)
RN

and for any subset J C {2,...,d} we have that

/ goi(:l:)dmj = H 25(2']'72‘3-_1)801:7(‘]) (CB(J)) (3.4.5)
Hy jes

with @; 7y a uniformly bounded family of functions in S(H ).

Remark 3.4.9.
To check that a family {p;} possesses weak cancellation it is actually sufficient to check that
condition (3.4.5) holds only for subsets J of cardinality 1. As a matter of fact for an arbitrary
J we have

H 2E(ij—’ij,1) 2 2\J\aminj€(](ij—ij—1)

Jje€J
so if the inequality (3.4.5)) is satisfied for all |J| =1 with parameter ¢ we can evaluate the same
inequality for |J| > 1 by first integrating along T3 with 7 such that z';—z'f]v_l = minjey(i; —i;—1)
and then in the other variables and thus obtaining weak cancellation with parameter /.

We have the following result for dyadic series with weak cancellation.

Theorem 3.4.10 (Dyadic sums with weak cancellation).
Let

{piticzs < SRY)
01> >ig
be a uniformly bounded family of Schwartz functions with weak cancellation with some parameter
€ > 0. Then the dyadic sum
2i
K@) = Y ¢ (@)
iezd
112...20g

converges in the distributional sense to a flag kernel and all the partial sums are bounded in

FK.

Proof. Let us take the Fourier transform of the family {¢;} and by setting v def ©_; we need
to prove that the dyadic sum
S w2tg)
iczd
11<...<iq
converges to a flag multiplier.

We will argue by rewriting the sum in such a way that if ix_1 < i for a certain k then
necessarily 1; is supported away from {& | { = 0}. It will be easy to see that such a sum
possesses strong cancellation if seen as a superposition of dyadic sums of flag kernels adapted
to possibly different flags.

Weak cancellation of parameter €, in terms of the Fourier transform, assumes the following
form:

¥ (01 ©&y) =0 (3.4.6)
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and for any J C {2,...,d}

V(05 © &) = H 25(”*17”)%,(‘])(5(&1)) (3.4.7)

jeJ

with {1; (5} a uniformly bounded family of functions in S(Hj)).
We prove that if ¢; is a uniformly bounded family of Schwartz functions that satisfy condi-

tions (3.4.6)) and (3.4.7) there exists a way to rewrite the dyadic sum

Yoo o= Y Y2t

iez4 icz4
i1 <..<ig i1<..<ig

so that {¢;} is a uniformly bounded family of functions such that if for some ] € {2, o, d} we
have i;_1 < 7; then v; is supported on the set H@H > Y5 and {wz} satisfies (3.4.6). Formally
this is proven for all finite partial sums and then one passes to the limit.

We proceed by iteration. Suppose that the family {1/;} is uniformly bounded in S(RY), that
it satisfies conditions (3.4.6) and (3.4.7), and there exists a ¢ € {2,...,d} that if i; > 4;_; and
¢ < j then 1); is supported on H@H > 5. Then there is a way to rewrite the sum in terms of a
uniformly bounded family {Jz} such that it continues to satisfy conditions and ,
and also it satisfies the above statement with ¢ = ¢ — 1. Since the condition for ¢ = d is trivial
this procedure will allow us to prove the statement for ¢ = 1.

Let 7. be a cutoff function on H.. We write

Vi(27" - €) = (27T Ene(27 - L)+
> w ) (n@7 ) -2 ) +

iLeZ
te—1 <il<ic

Yi(27T E)(L—ne)(27% - &)

Let i € Z¢ with i < ... < i/, We define the new family {y} in the following way. For

i/ 4!
1,1 = 1, We set

Vi€) =vr(&)+ D Vi€ @2 Lnel&e)
ie<ic<if

while if ¢, < i/, we set

Ji’ (&) = (770(50) —1e(2- 50)) Z ¢z(£ D 9iee “&e) + Yur (§)(1 = ne)(&e)-

i€zd
ip=1), k#c
i <ic <i’c+1

The series

> i e &)
iezd

=1}, k#c

e <ic<il,
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converges to a function in S(RV) since

1
Vi(Ee) D27 - &) = i(§(e) D Oc) + 277" - §c/ , Oc, i(§ey @ s- 27" - & )ds
because of the weak cancellation conditions we have that

2t Teq; (€ (o) @ Oc)

is uniformly bounded as well as

1
&e /0 Oc,i(&(e) ® s - 2% 7" - £)ds.

It is simple to verify that the functiond thus possess the required property i.e. the family
{1h;} possesses weak cancellation and if i_; < i with ¢ < k then t; is supported on ||&]| > Y.
It is also true that N
Yoo = Y (279
iczd icz9
11<...<iqg 11<...<iqg
For any multi-index 4 let the indexes {1,...,d} = J1(4) U...U Jg(;)(2) be subdivided in an
partition of indexes such that if £ <! and a € J; and b € J; then @, > i) while if a,b € Jj, then
iq = ip. The subsets Ji must be non-empty. There is only one the partition for any given ¢ that
satisfies the above conditions. For this reason we can split the sum

> (278,
icz?
i1<...<ig

into a sum over all partitions described above of the dyadic sums over those indexes that give rise
to a given partition. It is easy to see that for every partition {1,...,d} = Ji1(3) U... U Jy((2)
the dyadic sum over those indexes ¢ that give rise to such a partition is a dyadic sum with
strong cancellation as required by Proposition with respect to the flag associated with the
gradation {ij }k:e{l,...,d’(i)}' O

Remark 3.4.11 (Index restrictions for flag kernels).

In this section we have obtained results about the possibility of writing dyadic decompositions and
about when dyadic sums converge to flag kernels. In all the above theorems the summation goes
over indexes i € Z% such that i1 < ... < iq. However there is some flexibility on the restriction
of summation indezxes. For example the above results can be reformulated in the same manner if
the summation takes place over indexes i € Z% such that i1 + 61 < ig+ 0y < ... < ig+ 64 where
d € Z¢ are some fized displacement indexes. The same qualitatively different behavior would
be reserved for dyadic terms @; with © “close to the diagonal”. While this remark may seem
superfluous it will be sometimes useful to suppose these kinds of restrictions on the indexes of
summation for ease of notation in some of the subsequent proofs.

3.4.3 Flag kernels with compact support

Flag kernels with compact support have some additional useful properties. In particular they
admit a dyadic decomposition that reflects the geometry of their support. First we state a
generalization of the property of convergence of dyadic sums with weak cancellation to the case
where the indexes of summation are bounded from above.
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Theorem 3.4.12 (Convergence of dyadic series with bounded indexes).
Given a bound on the indexes m € Z let

{801'} icz9
m>i1>... >

be a bounded family of Schwartz functions. Let the functions {@;} satisfy property (3.4.5) with
some parameter € > 0 and a relazed version of (3.4.4) i.e.

/H pi(x)dzy = 275"y, 0 (2(1))
1

where {p; (1)} is a bounded family of S(H1)).
Then the dyadic sum
(2%)
Z ¢ ()
i€zd
m<ir<...<ig

converges to a flag kernel in the distributional sense and all the partial sums are a uniformly
bounded family of product kernels.

The dyadic series possesses a continuity property in the sense that for any neighborhood U
of 0 in PK(v) there is a neighborhood Vi of 0 in S(RN) such that if {¢;} C Viy then all the
partial sums and the whole series are in U.

Proof. The proof is very similar to the one of Theorem Let us take the Fourier transform
of the family {y;} and by setting 1); def ©_; we need to prove that the dyadic sum

> w279
icz?
-m<i1<...<iq

converges to a flag multiplier. The conditions on the family {¢;} imply the following conditions
on the Fourier transforms

$i(01 @ &1y) = 275 (1) (€(1)) (3.4.8)
and for any J C {2,...,d}
¥i(05 © &) = H 221~y 1 (&) (3.4.9)
JjeJ

with {1; (5} and {t; (1)} uniformly bounded family of functions in S(H()).

We argue once again by formally setting i9 = —m and rewriting the sum in such a way that
if i1 < i for a certain k € {1,...,d} then necessarily v; is supported away from {£ | & = 0}.
It will be easy to see that for ¢; > —m such a sum possesses strong cancellation if seen as
a superposition of dyadic sums of flag kernels adapted to possibly different flags. The case
i1 = —m will be dealt with separately.

The method of rewriting the sum is identical to the one used in the proof of Theorem [3.4.10
Furthermore that procedure conserves condition and . Applying the procedure
used in that proof we can suppose without loss of generality that {t;} is a uniformly bounded
family of functions such that if for some j € {2,...,d} we have i;_1 < i; then 1; is supported
on the set ||&;]| > % and {¢;} satisfies (3.4.).

Let 11 be a cutoff function on H;. We write

(27 8) =27 OmER™ L)+ D (270 ¢) (771(2_14/1 L) = me(27 '51)) +
ez
—m<i) <ty
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(27 (1 —m) (27" &),

Let i/ € z¢ with i} < ... < i/, We define the new family {¢#} in the following way. For
—m = i} we set

Y& =vu @)+ D (@& @ Eqy)m(&)
ikizizl:;él
—m<iy<i}

while if —m < | we set

bir(€) = (m(&1) —ne(2- &) Z (2070 - € @ €)) + Yur (€)1 —m)(&).
ikizizlj;él
i <i1 <),

The series

Yo (2T G o Ew)
iczd

ig=i), k#1

i <i1<ih

converges to a function in S(RY) since

1
Yi(2"T & B €y) = Yi(01 B Ey) +207" '51/ . Oy hi(s- 217" - &1 @ €(1y)ds
because of the weak cancellation conditions we have that

27 (01 @ &)

is uniformly bounded as well as

1
&1 /0 OgPi(s- 27" - &1 @ &(p))ds.

It is simple to verify that the functions thus possess the required properties. The family
{QL} is such that setting formally ig = —m we have if i1 < i with k € {1,...,d} then 121 is
supported on ||| > Y.

It is also true that

>oooow@t o= > w2he).
iczd iezd
-m<i1<...<ig -m<i1<...<ig

The above sum converges to a flag multiplier because for iy > —m the family {IZZ} satisfies
the conditions of Proposition [3.4.6] For i1 = m one can use an estimate like in the proof of
Proposition taking in account that summation does not occur in the index %;.

O

Theorem 3.4.13 (Localized dyadic decomposition for flag kernels of compact support).
For any K € FK such that some m € Z we have that

spt K C {a| [lap] < 2™ vk e {1,...,d}}.
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There is a uniformly bounded set of Schwartz functions
{%'}iezd
m—2<41<...<iq
such that the dyadic decomposition

Kz)= Y @ (3.4.10)

iezd
m—2>i12>...2iq

holds. The series converges in the weak (distributional) sense and the partial sums are a uni-
formly bounded family of FK.

For any multi-index i let the indeves {1,...,d} = J1(3) U... U Jy() (i) be subdivided in a
partition of non-empty sets such that if k < k', a € J, and b € Jy then i, > i, while if a,b € Jy,
then iq = 1p.

Every function p; is supported on the set where Yy < ||z || < 4 for all k € {1,...,d'(3)}.
Furthermore for any fixred | € N the family {¢;} can be chosen so that

o Ifiy <m —2 then
/ x%pi(x)dx;, =0
H

Tk

forall k€ {1,...,d'(4)} and any multi-index o such that ||| <.
e Ifiy =m — 2 then
/ x%pi(x)dxy;, =0
Hy,
forallk € {1,...,d' (i)} and any multi-index o such that ||a]| < 1.

The decomposition possesses a continuity property in the sense that for any neighborhood V
of 0 in S(RN) there is a neighborhood Uy of 0 in FK such that if K € Uy and K its support
bounded as in the hypothesis then K admits a dyadic decomposition with {p;} C U.

The proof of this Theorem is identical to the one for product kernels (Theorem [2.8.6)).

3.5 Operators associated with flag kernels

We now make some remarks about the convolution operators associated with flag kernels. Since
flag kernels form a special class of product kernels we have the following results.

Theorem 3.5.1 (L” boundedness of operators associated to flag kernels).
Let K € FK be a flag kernel then the convolution operator

Te=p*xK
extends to a bounded operator on LP(RY).

Theorem 3.5.2 (Convolution algebras).
FK is a continuous convolution algebra. Given any two kernels K1 and Ko with dyadic decom-

position

K@= Y ¢ K@= Y @)

i€z’ i'ezd
112...21g i >..>i
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with the families {¢;} and {py} satisfying the conditions of Theorem|3.4.10) then kernel K1 Ko
s given by the weak-* limit of the dyadic series

28’ 28
jezd iez?
n>..>ja i'ezd
]kilk\/Z;C

This last Theorem is a consequence of Theorem applied to PK(0).

3.6 Flag diffeomorphisms

In Section dedicated to changes of variables for product kernels, we have shown for kernels
of compact support, that if a change of variable maintains the singular subspaces then the
composition of a product kernel with the diffeomorphism is well defined and is still a product
kernel. In this chapter we will show that a similar statement holds for flag kernels.

Definition 3.6.1 (Flag diffeomorphism).
Let ® : Q — ®(Q) C RY be a diffeomorphism of the open domain Q@ C RN with its image. We
say that ® is a flag diffeomorphism with respect to the flag (Vi)ieqo,....ay if

@(QﬂVk)CVk Vke{O,...,d}

and
NNV C Vi VEke{0,...,d}.

We say that ® is a flag diffeomorphism of a compact domain if it is defined on a compact set
Q and it extends to a flag diffeomorphism of an open neighborhood of €.

Most of the remarks we made regarding product diffeomorphisms hold for flag diffeomor-
phisms. Flag diffeomorphisms of a fixed €2 onto itself form a group under composition.

We now concentrate on some properties of flag diffeomorphisms that are useful in relation to
flag kernels, however, like in the case of product diffeomorphisms and kernels, this study can be
carried out only on Euclidean spaces with a standard system of dilations. We argue mimicking
the remarks we made for product kernels.

We begin with some preliminary results on the structure of flag diffeomorphisms. From
now on we fix a flag (Vi)reqo,..q} on RY and we choose a gradation compatible with the flag

. . . T i def .
L..,d}- =
(Hk)keqr,....dqy- If @ is a diffeomorphism then for any £ we indicate as ® 7 ® the coordinate
of ® along the space Hy.

Lemma 3.6.2 (Differential inequalities for flag diffeomorphisms).
Let @ be a flag diffeomorphism of a compact domain. We have the following differential in-
equalities:

Cld(z, Vi) < d(®(z), Vi) < Crd(z, Vi)

)05:"@’“) (@) < Coup (14 d(, Vi) 1! (3.6.1)
forallk e {1,...,d}.

Based on the previous inequalities we introduce the following terminology.
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Definition 3.6.3 (Uniformly bounded families of diffeomorphisms).

Let us fiz an open domain Q O @) By (0,2™) and let us consider a flag diffeomorphisms of Q into
RN, We say that a family of such diffeomorphisms is uniformly bounded if there are constants
Cy and Cq 1 such that the inequalities hold uniformly for the whole family.

Definition 3.6.4 (Stretching of flag diffeomorphisms).

Let us fiz an open domain Q D Q) Br(0,2™) and let us consider a flag diffeomorphisms ® of Q
into RV, We call the stretched diffeomorphism starting from the subspace Vi, with parameter s
the diffeomorphism @, by the relation

-1 l .
s -9 (m{l,...,k—l} ®s- m{k,...,d}) if l >k
5> 0 A

(I)l (.’B{Lm,kfl} ®s- w{l@..,d}) if l <k

def C%{k,,_qd}q’l (93{1,...,1@71} ® 0{k,...,d}> Ty Yl=>k

P! (m{l,_”k_l} ¥ O{k,...,d}> ifl <k
on the domain where the right-hand side is defined.

One checks by direct calculation that for any given k € {1,...,d} the mapping (s,z) —
® (s x)(x) with s > 0 is smooth on the domain of definition and in particular that for s — 0,
D51y () = Py (x). It is also useful to notice that for [ > k we have the equality

Oy, d}‘Dl (33{1,...,;271} @ O{k,...,d}> Tk,..dy = Oz d}fbl (33{1,...,;271} @ O{k,...,d}> T,...d}

because ®, as also ®, conserves the flag. Finally notice that ¥ = ®~! is defined on the domain
®(Q) that is compact if 2 was compact. For values of the parameter s > 0 we have that the
inverse of the stretched diffeomorphism ®, j, is ¥, ;.. This relation holds for s = 0 by continuity.

Lemma 3.6.5 (Boundedness of stretched flag diffeomorphisms).

Let us fix an open domain O @ By(0,2™) and let us consider a bounded family of flag
diffeomorphisms of  into RN. For any given k € {1,...,d} the flag diffeomorphisms obtained
by stretching all the kernels of the family starting from the subspace Vi are defined at least on
& Bi(0,2™) and are uniformly bounded for the parameter s in the range 0 < s < 1.

Proof. The proof of this property can also be obtained by verifying (3.6.1]) directly. O
We have the following stability theorem for product kernels.

Theorem 3.6.6 (Flag kernel stability w.r.t diffeomorphisms).

Given a flag (Vi)ieqo,..ay and let (Hg)peqi,..qy be some gradation adapted to the flag, let
O be a flag diffeomorphism of a compact domain € D ®z:1 Bp, (0,2™) into RN such that
®Z:1 Br(0,2™) C ®(Q). For every flag kernel K € FK with compact support with spt K C
®Z:1 By, (0,2™). Then K o ® is a flag kernel. Furthermore, for any fited m,m’ € Z the
mapping K — K o® is continuous from the kernels in FK such that spt K C ®i:1 By, (0,2m")
to FK. If ® varies over a bounded family of flag diffeomorphisms satisfying the hypothesis then
for any given K € FI with spt K C ®g:1 By, (0,2m") C ®(Q) the family K o ® is uniformly
bounded in FIC.

Proof. We will prove that for any given diffeomorphism ¢ and kernel K the kernel K o ® is a
well defined flag kernel. Since all the quantitative estimates we use are done using inequalities
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(3.6.1) and the bounds on K, the uniform boundedness and continuity parts of the statement
follow.

Theorem [3.4.13| gives us the decomposition (3.4.10). Since the support of all the dyadic
building blocks is inside the image of ® we can write

Kod@= Y ¢P@@)= 3 202 o).

iezd ez
m—2>i1>..>ig m/—2>i1>...>ig

By setting
oi(x) = v; (2_’ - P(2°- a:))
we have that

Kod(@) = > 2% () (3.6.2)

icz9
m—2>i1>...>iy

It is easy to see that {;} is a bounded family in S(RY). Furthermore since the support of
@; is contained in the set {z||z| < 4} we have that the support of ¢; is such that

A(Vig 278 (2 Z 2 %(qﬂ )‘ 4.
j=k+1
Using inequalities (3.6.1)) and an induction argument for some C' we have that |xi| < C for all
k.

We will now show that the dyadic family {@;} satisfies the hypothesis of Theorem [3.4.12
We begin by checking that for some ¢ > 0 any J C {2,...,d} the family of functions

m(J) — H 2_6(ij_ij_1) / gzz(m)d$(]
jeJ Hy
is uniformly bounded. Remark guarantees that it is sufficient to check the above property
with |J]| = 1.
Let us suppose J = {j}. Let ®;; be a stretch with parameter 0 < s < 1 starting from the

subspace V; of the diffeomorphism ®. For simplicity we will indicate ®, dof @, ;. We have

/ (27 B2 x))daj = / (27 By (2 2))da; =
H;

J H;

1
pi(270 @o(2" - @))da; + /O s (/H pi(270 @28 m))d%) ds.

Jy

J J

For the first term we write

/ goi(2_i . @0(27: . :B))d:(}] =
H,

/H w3 <7TH{1 ,,,, i1 (2 g (1)0(2 . 213)) ) THe ay (271: . (1)0(21' . :D))) dx;.
J



The only term depending on z; is
0, (zq1,....j-1})7;-

The above linear operator on H; is non-degenerate because ®q is a local diffeomorphism so,
since ¢; had strong cancellation the above integral we were looking at is 0.
We now proceed to the next term.

Lo

=1
Z/ / 27 Qi (27F - B (2 - )05 PR (2 - x)da;ds+
k=1 s=0 Hj

/ Pi(27F D (2" m))dxj> ds =
H.

J

d -1
> / / 27k Qi (27 - (20 - )05 PF (2 - x)da;ds.

Notice that for k < j we have

d
008 (x) = (00,®") (@1, jo1y + 5 @y, ap)T

l=j

so for we rewrite the sum as

j—1
Z/ / 27k Ppps (278 Dy(2° - x))0s®F (2 - x)dajds =
k=1 s=0J H;

1
Z AN / Okpi (270 - dg(2° - w))(@wl@k)@’ . (33{17_”7j_1} +s- m{j,_“’d})):ﬁldxjds.

Since the integral is uniformly bounded, the coefficient 2% =% gives us the needed estimate.
For k > j we have

d
0.0F () = 577 | ) (00 @) (@, jory + 5 @y ay)sm — Q@ sy s my g | =

l=j
1 d d
s 2 /O Z Z(@xlamgq)k)(az{LJ,l} + (1 - t)S . ZE{j’m’d})S.’L'lSl’l/
=5 U'=j

The quadratic form for I,1’ < k

1
/0 (00 0y @) (g1, j1y + (1= t)s - @5 ay)
vanishes on Vj_1 so we finally have that
0:2% () = O(d(Vi—1;2) d(Vj_1; 2))

and the expression

d

1
> 20 / / Dups(270 - @420 )27 TV O,L (2" - @)dasds.
pay s=0J H;
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has a uniformly bounded integrand. The same argument as above, taking J = {1}, gives that
the functions

(1) — 2_“/ (EA%)dl‘l
Hy

are uniformly bounded. This provides for the relaxed cancellation condition on xy. All the
estimates necessary for applying Theorem [3.4.12] are satisfied. ]
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