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Summary

In this work we are concerned with developing a systematic framework for dealing with the
Carleson operator

+oo )
Ci)imsuw | [ Fleemeag (0.1

and its variational counterpart given by

C"f(z) = sup (Z {/(‘:M f(g)e2’”fZ|r) v (0.2)

ep<crpp1<- Moo Je

The boundedness on LP(R) with p € (1,00) of these operators implies the famous Carleson’s
Theorem on the almost everywhere convergence of the Fourier integral for functions in LP(R).
As a matter of fact, given f € LP(R) it holds that

{Z cR: f(ﬁ)eg’”fzdﬁ doesn’t exists} C{z€eR:C"f(z) = 400}

N
lim
N—o00 _N
for any r € [1,00). If C"f € LP(R) then the sets above have vanishing Lebesgue measure.
The Carleson operator is a prototypical operator with modulation symmetry and the main set of
techniques for dealing with such operators is often referred to as time-frequency analysis. These
techniques were originally introduced by Carleson in his seminal paper [Car66] on the conver-
gence of Fourier series for L?([—7/2, 7/2)) with many further advancements. Hunt [Hun68|
extended Carleson’s result to functions in LP([—7/2, 7/2)) with p € (2,00). Fefferman |[Fef73]
gave an alternative proof of Carleson’s result which actually introduced the operator (0.1)). In
[LT00] Lacey and Thiele gave another proof of boundedness of that used elements of both
Carleson’s and Fefferman’s approach in a setting that was generalized in [OSTTW12] to deal
with . Time-frequency analysis techniques were also used to study other operators with
modulation symmetries, like the Bilinear Hilbert Transform, that are beyond the scope of this
exposition.
In this thesis we elaborate and expand on outer-measure LP spaces introduced in [DT15| and
therein applied to the Bilinear Hilbert Transform, an operator with the same symmetries as
(0.1). The main novelty of this approach is that bounds are obtained for so-called embedding
maps. Generally speaking, an embedding map provides a representation of a function by a set of
coefficients on the symmetry space of the problem at hand. Outer-measure LP spaces represent
the correct functional framework for dealing with embedding maps. In turn, the bounds on the
embedding maps allow one to bound operator at hand via a wave packet representation.
Furthermore, it has been shown in [DPDU16| that iterated outer-measure L spaces introduced
in [Ural6] correctly encode the locality properties of the operators and (0.2). In that paper,
similarly to how it is done in [CDPO16]| for the Bilinear Hilbert Transform, the authors manage
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to deduce from the bounds on the embeddings that the Carleson and the Variational Carleson
operators can be bounded by positive sparse forms. The theory of weighted bounds for sparse
forms is well-understood (see [LN15] and [CDPO16|) and as a consequence we are able to give
a complete answer to an open question about weighted bounds for operators and .
Partial progress for this problem has been made previously in [DL12a].

We now illustrate the main idea behind the reduction of the bounds for the operators (0.1)) and
(0.2) to the bounds for embedding maps. Suppose that f € S(R) in the expressions and
(0.2). Fix a Borel-measurable stopping function ¢ : R — R and a function a € S(R) or, in the
case of (0.2, an increasing sequence ¢ : Z X R — R of Borel-measurable stopping functions and a
ae S(R; r (Z)) i.e. a smooth, rapidly decaying function with values in I"" sequences. Then the
wave packet representation

|| Rt = [ @y (03)
R Je(z) R‘i
holds for the dual form of (0.1]), while
cry1(z) ,
S [ Roemtae] < [ Fomonmoddn ©0.)
kez /R e (2) R}

holds for the dual form of (0.2)).
The space Rf_ = R X R x Ry appearing on the right parametrizes the translation, modulation
(Fourier translation), and dilation symmetries. The embedded function F' is given by

F(yﬂ%t) = f * ¢n,t(y) With wn,t(y) = emytilw(%) (05)

where ¢ € S(R) is an appropriately chosen base wavelet. The embedded functions A and 2 are
defined respectively as

Ay, t) = / a(2)0eE (y — )z

(0.6)
Ay, n,t) = Z /R U.k(Z)r(/);fft(Z),CkJrl(Z)(y —z)dz

where 97 , and 1/),677}’““ are “truncated” wave packets whose definition is somewhat more involved
and can be found in Chapter
The main result of [Ural6] (Chapter [2)) consists of showing that bounds

[Allreasm Spq llallze Vp € (1,00], g € (1, 00] (0.7)
HQ[HLqusm Sp,q HaHLPlT“ Vp € (L OO]’ qc (’I“/, 00]7 e [1’2) (0'8)
[FllLegase Spa [1flle Vp € (1,00], ¢ € (min(2,p"), 0] (0.9)

hold with a constant independent of the stopping functions ¢ and ¢ appearing in . The quasi-
norms appearing on the left are a shorthand notation for the so called iterated outer-measure LP
quasi-norms. This is the main novelty of the approach of [Ural6] with respect to previous works
that use the outer-measure LP space framework (|[DT15], [DPO15|).

Abstract results about outer-measure spaces imply that

’/RB F(y,n,t)A(y,n, t)dydndt| < [|F | Lrease || All porgar gm
3
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and
‘/Rd F(y,n,t)ﬁl(y,n,t)dydndt‘ SN F | egase |2 popa gm
3

as long as (p,p’) and (¢, q’) are Holder dual exponents i.e. % + ﬁ =1 and % + % =1.
The representation (0.3 with bounds (0.7) and thus imply the bounds

les| <o sl vpeo0)

Similarly, the representation (0.4) and bounds and imply that the bounds

hold as long as r € (2, 00]. This is known from [OSTTW12] to be the complete range of exponents
where strong bounds for (0.2]) hold.
Furthermore, bounds by sparse forms can be obtained from the wave packet representations ((0.3))

and (0.4)) and bounds (0.7)), , and . A sparse bilinear form is a map of the form
s\1/s 1/t
(Foa) = S U 1) (f Jal)

1€6

c'f

| Selfle Vpe(,o0)

for s,t € (1,00), where & is a sparse grid. We say that a collection of intervals & is a sparse grid
if there exists a constant C' > 1 such that for any interval I it holds that

S <. (0.10)
Jes
Jci

Ifp>s, p >tand % + i = 1, we show that sparse forms associated with sparse grids with

uniform sparseness constants are bounded uniformly on LP x L. Furthermore, weighted LP
theory is also well-established for such forms, but it is beyond the scope of this exposition. It
can be shown that the dual forms to (0.1)) and (0.2)) can be bounded by sparse forms in the sense

that
< s\1/s
|/RCf(9c)a(x)dx} Ss swéplez6 |I|(]€ |f]%) ]€|a| Vs> 1
» (0.11)
[ € 1@hatoa] 5. w3 NG 1) flal vs >

where the supremum is taken over all sparse grids & with uniform sparseness.

Outline

This thesis is structured into three Chapters. Chapter [I| contains an introduction to outer
measure spaces and an outline of the proof of the bounds of the Carleson Operator in the
simplified Walsh case.

In Section [I.I] we present the generalities of outer-measure spaces. We begin with the definitions
and some basic examples; then we continue with the most important properties of outer-measure
spaces such as the outer-measure Holder’s inequality, interpolation properties, and domination
results. This section generally follows [DT15], albeit with a somewhat different notation. Some
proofs are omitted and can be found in the above paper.
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Next, in Section[I.2]we present some basic results from time-scale analysis i.e. Calderén-Zygmund
theory. We do not claim originality, generality, nor completeness but rather we aim at showing
that outer-measure LP framework has enough flexibility to express classical concepts. The full
power of outer-measure LP space approach can be seen in the following sections related to time-
frequency analysis.

Sections|I.3|and [[.4] are respectively dedicated to presenting the results of [Ural6] and [DPDU16)
for the technically simpler Walsh model of . We also avoid dealing with the variational
counterpart .

In Section we begin by introducing the Walsh group as an effective model for dealing with
translation, modulation, and dilation symmetries. In Section we prove the wave packet
representation for the real version of the Carleson operator. In Section we use this
representation to correctly deduce the Walsh model for the Carleson operator and to introduce
the outer-measure LP space structure on the Walsh model for the time-frequency plane. We also
reduce the bounds for the Walsh Carleson operator to the bounds on the Walsh analogues of
the embedding maps and . In Sections and we prove the bounds on these
embedding maps.

In Section [I.4] we talk about iterated outer-measure L spaces the in the Walsh model case. In
Section we prove the bounds in the Walsh model case. In Section we prove the
bounds (0.7)) in the Walsh model case. Finally in Section we show how these bounds can
be used to obtain sparse domination for the Walsh model .

Chapter [2| contains the results of the paper while Chapter |3| contains the results of the

paper [DPDU16|.




Chapter 1

The Carleson Operator and outer
measure spaces

Where is horse?
-S.T.

1.1 Generalities of outer measure spaces

Outer-measure LP space requires introducing two objects: an outer measure that measures “how
large” a set is and a size that measures “how large” functions are.

We will restrict to working with a space X that is a separable complete metric space (Polish
space). While the theory can possibly be developed in greater generality, this is beyond the
scope of this exposition.

1.1.1 Owuter measures and sizes

The concept of an outer measure is, by itself, classical. Standard construction of the Lebesgue
measure theory makes an interim use of an outer measure and then restricts to considering
Carathéodory measurable sets. In the following, we do not restrict to such a “good” class of sets:
in many applications this class would be trivial.

Definition 1.1 (Outer measure). An outer measure p on X is a positive, monotone, o-sub-
additive set function i.e. a function p : P(X) — [0, +00] defined on subsets of X that satisfies the
following properties:

1. p(@) =0;
2. (monotonicity) given two subsets E, E' C X

ECE = u(E) < u(E");

3. (o-subadditivity) for any countable collection (FE, C X)pnen of subsets of X one has

(U Ba) <3 n(E).

neN neN
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We call the pair (X, u) an outer measure space. For example, R™ endowed with the Carathéodory
outer measure associated to the Lebesgue measure is an outer measure space.
Outer measures are often may be generated by a pre-measure (term used here with a somewhat
different meaning than in literature). Let us fix a distinguished collection T of Borel subsets of
X and a set function i : T — [0, +00]. The outer measure generated by 7, defined on any subset
E c X is given by

W(E) = inf{ S ar): |J 1o E} (1.1)

TeET TeT

The lower bound is taken over all countable coverings 7 of E made of generating sets from T.
Clearly, p is an outer measure. While it is often the case, it is not generally true that (") = f(T)
forT €T.
We say the X is o-finite with respect to the outer measure p if

X=[JXn  p(Xn) < o0 (1.2)
neN

If i <ooonTand X=Jpcr T then (X, i) is o-finite where p is generated by 7.
Apart from the classical Lebesgue-Carathéodory outer measure, another important example of
an outer measure space is given by the upper half-space
R = {(w,s) €Rx R+}
endowed with Carleson tents (see figure [1.1])as the collection T = {T'} of generating sets:

T(z,s)={(y,t) ERY: ly—z| <s—t, t<s}

t (z,s)

Figure 1.1: The tent T'(z, s).

We endow these sets with the pre-measure

AT (z,5)) = 5.

Geometrically, if we associate to each point (z,s) € R the ball By(z) = (z — s,z + s) of the real

line, then the tent T'(x, s) is the set of all balls B;(y) contained in Bg(x) while u(T'(x,s)) = s =
|Bs ()]

2
Recall that a set E is Carathéodory measurable if “it can be used to cut arbitrary sets” i.e. for
any A C R x RT it must hold that

u(A) = (AN E) + p(An E°).
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We now show that the only Carathéodory measurable sets of this space are () and X itself. Suppose
E C R x R* has a non-empty boundary so that we may choose (zg, s9) € OE. For an arbitrarily
small € > 0 let A =T(x0,s+ ¢) and since (29, s9) € IF there exists points (z/,s’) € AN E and
(2",8") € ANE° with s —e < ¢/, 8" < s+e. It can be shown that u(ANE) > s’ > s — ¢ since
(2',8") € T(y,t) only if t > s and similarly u(A N E°) > s —e. Then E is measurable only if

2s —2e < p(ANE)+ u(ANE®) = p(A) < s+e.

Since € > 0 was arbitrary this leads to a contradiction.
We now introduce the concept of a size. It essentially is a quasi-norm on Borel functions that is
lower semi-continuous with respect to pointwise convergence.

Definition 1.2 (Size). A size || - ||s is a functional on the set of all Borel measurable functions
on X, with values in [0, 0], that satisfies:

1. (vanishing) if F =0 then ||F|s = 0;
2. (homogeneity) for any A € C it holds that | AF||s = [A || F|ls ;

3. (quasi-monotonicity) for any two Borel functions Fand G one has

[Fl<|G] = [Fls < IGlls;

4. (o-quasi-triangle inequality ) there exists a triangle constant cs such that for any sequence
of Borel functions F,, one has

D Fallg < Fals (1.3)

neN neN
as long as the sum on the left converges pointwise.

Similarly to pre-measures, sizes may be generated by “local” sizes. Consider a distinguished
collection T of subsets of X and suppose that they are Borel measurable. For each T' € T let
there be a size || - ||s(r) defined on Borel functions on T'. We say that || - || s(r) generate | - || if

|F'lls = sup | F||sr) (1.4)
TeT

1.1.2 Outer L’ spaces

Given the an outer measure and a size we can introduce an outer-measure integral and outer-
measure LP spaces.
The outer-L? quasi-norms for p € (0,00) are give by

dA
G155 = [ o¥u(lGlls > ) (15)
AERT
weak outer LP quasi-norms are similarly given by

IGILp s = sup Nu(IGlls > A). (1.6)
S

The S, i - super-level outer measure is given by

p(IGlls > A) = inf {u(Ex) |G Ix\p, lls < A} (L.7)
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where the lower bound is taken over Borel subset E of X.

The outer LP spaces are subspaces of Borel functions on X for which the above norms are finite.
The expressions defining outer LP quasi-norms are based on the super-level set representation of
the Lebesgue integral, however the expression 1(||G||s > A) that appears in lieu of the classical
p({z : |g(z)| > A}) if generally not a measure of any specific set.

Intuitively, outer measure LP spaces represent interpolation spaces between the outer measure
of the support of a function and the size. Given a Borel function F' we say that spt(G) C F if
l1x\£Glls = 0 and we define

u(spt(G)) = inf{,u(E): spt(G) C E}

Given two functions Gy and G5 we identify them if ,u(spt(Gl - Gg)) = 0. From now on we
denote by G € B(X) the equivalence classes of Borel functions w.r.t to this relation. We also
introduce the convention that +00-0=0-400 = 0.

Let us make two examples of outer measure spaces and sizes. First of all, outer measure LP spaces
encompass Lebesgue spaces. As a matter of fact consider R™ and let the generating collection T
consist of balls B,.(z) = {y: |y — 2| < r} with rational centers € Q¢ and rational radii r € Q*.
Let

(B, (2)) = |B,(2)| =y 7"

so that the generated outer measure p becomes the familiar Carathéodory outer measure obtained
via countable coverings with Euclidean balls. Set the size || - ||s to be

Iflls = sup |f(z)].
z€R"
so that it clearly satisfies all the conditions. Notice that

u(Ifls > 2) = £ ({o: 17@)] > A})

where L£" is the standard Lebesgue measure on R". This follows since if || f1lgr\glls < A then
E > {z:|f(z)] > A} and on Borel sets one has pn = L".
The size S can be generated by a family of local sizes. For every ball B € T define the size

H ’ ||S(B) as

I fllsBy == 7{9 |f(x)|dz = ﬁ/B|f(x)|dx.

By the Lebesgue differentiation theorem

171 = sup I llscs)

Thus the integral defined by (L.5) coincides with the classical Lebesgue definition. While in
this example using integral type local sizes is a meaningless complication, this approach presents
significant advantages for the applications in this thesis.

1.1.3 Properties of outer measure L spaces

Outer measure LP spaces have many important properties related to interpolation. We begin by
illustrating quasi-subadditivity, Chebyshev’s inequality, logarithmic convexity of outer LP norms,
the outer Holder inequalities, and real interpolation. We will also illustrate a useful measure
atomic decomposition property. Some of the more straightforward proofs will be ommitted.
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Proposition 1.3 (Quasi subadditivity). For any p € (0,00) we have that |[F + G| rs Sp
[Fllzrs + 1Gllzes

Proposition 1.4 (Chebyshev’s inequality). For any p € (0,00) we have that ||F|/rreg Sp
|F||Lrs i-e. for any A >0
p(IF e lls > A) Sp ESVEE
Proposition 1.5 (Logarithmic convexity of LP norms). Let (X,u) be an outer measure space
with size || - ||s and let F' be a Borel function on X. For every 6§ € (0,1) and for p%) = 11;)9 + z%
with po,p1 € (0,00], po # p1 the inequality
-0
1FNIzros < Copo,pn 1F Il 0 s F o1 oo s
holds.
Proof. Suppose pg < p1 and apply the definition ([1.5)) to obtain
dA
1P 105 = [ povon(iFls > 05
R+
Ty AA o o AA
<l F o [ 2t pall Pl [0S
0 T
=po(Po = Po)IF |17 77 + po(p1 — po) | Fl[Lpr,ce 77"
for any 7 > 0. Optimizing in 7 gives the result. O

Proposition 1.6 (Outer Holder inequality). Let (X, 1) be an outer measure space endowed with
three sizes || - ||ls, || - |ls/, and || - ||s» such that for any Borel functions F' and G on X the product
estimate for sizes

I1FGlls S 1Flls [|Glls (1.8)
holds. Then for any Borel functions F' and G on X the following outer Holder inequality holds:
1EG s S NNl Lo s |Gl o s (1.9)

or any triple p,p’,p" € (0, 00| of exponents such that & + 2, = 1.
y vrp P p p

Notice however that we do not claim that Holder’s inequality for outer measure L? spaces holds
with constant 1, even if the product estimate for sizes does.

Proof. Suppose by homogeneity that ||F||;, ¢ = |G|+ g» = 1. Recall that

IFGIEws =p [ MullFGls > N5
The crucial observation is that for some C' > 0

W(IIFGls > N) < p(IFls > C~NP) + pu([Gllsn > C1NP/P"). (1.10)
As a matter of fact let V), W, C X be two subsets such that

u(Va) < 2u(||F|ls > CIAP/P") [Fly\vy llsr < C72AP/Y
(W) < 2u(]|Gllsn > CIAP/P") |G Lxw, s < C~PaP/P”
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so that
IFG Ly (vyumwlls S C72AP/P \P/"

follows from (1.8]) and (1.10)) holds as long as C' is chosen large enough.
We use (|1.10]) and a change of variable in A to write

o0 s dA e i odA
IFGlus < [ uIFl > ¥ S + [ euqie) > ) S

o0 ’ dA o0 1 dA
S [OVulEl= NS+ [N e > NS S
0 0

which concludes the proof. O

Proposition 1.7 (Marcinkiewicz interpolation). Let (X, ) and (Y,v) be two outer measure space
with sizes || - ||sy and || - ||s, respectively. Assume po,p1,40,q1 € (0,00] and let T be an operator
that maps LP°Sx + LP*Sx to Borel function on X such that it satisfies

scaling |T'(A\F)| = |A\T'(F)| for all F € LP°Sx + LP*Sx and X € C;

quasi sub-additivity
IT(F+G)| < C(IT(F)|+ |T(G)|) for all F,G € LP*Sx + LP*Sx and some C > 1;

weak boundedness
|T(F)||lLawo=s, < CollF|lLros, VEF € LP°Sx

||T(f‘j)||[,ql,<>csY < CIHFHL‘”SX VF € Lplsx

Then for any 6 € (0, 1) = 1;;_09 + z%’ and qie = 1_09 + (% it holds that

1
’ pe q

)
||T(f)||Lq9SY 597110,17110,1 Cé Cf||F||LPGSx

We omit the proof of the above Proposition. It follows along the lines of classical real interpolation
results. A proof can be found in [DT15|.

We finally pass to an important atomic decomposition property for outer L? spaces. A p-atom
is a function F' € B(X) such that

u(spt(F)) 7| Fls =1 (1.11)

Proposition 1.8 (p-atomic decomposition). If ||F'|Lrs < 0o there ezists a decomposition

F= Z)\ka IAellie SIF|es (1.12)
keZ

where Fy, are p-atoms.

Proof. 1t is straightforward to check that

Y 2 ullFlls > 287) ~ | Flg,s < o
kez

Choose subsets Ej, C X such that

I, Flls 257 u(Bx) S u(lFlls > 24/7)
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and thus Y, ., 2°u(Ey) ~ || F||],5. We can actually assume that the sets Ej, are decreasing. As
a matter of fact
Set Ej = J;>,. E1 so it holds that

115, Flls < 11xe, Flis < ok/P,
while _
S uE) D2 uE) Y 2 uE)d 25 ~ ||,
kez kez 1>k lez k<l

Now consider the sets AE), = Ek \Ek;_l'_l so that

X = (X\ B_oo) UB oo U (U AEk>
kez
where E, o = Niez Ey and E_,, = Ukez Bk Clearly 1(E4o0) = 0 while ”le\E,m”S =0 so
Fly g = F1lp, =0, at least as equivalence classes in B(X).
We may thus write

Flag
F= F1 AE;)Y/P k A\ F)
DI s s i AB) ey i = 2

and since |Flag, ||s < 2%/7 it holds that

Akl S 22’“ (AE)Y? S |1F|L0s.

It is also clear that F} are p-atoms. O

Let A be a sub-linear form on B(X) that is it uniformly bounded on 1-atoms. It follows from the
above decomposition that it is bounded on Frig i.e. it satisfies |A(F)| < || Flp1s-

For outer measures and sizes generated as in ([1.1]) and (1.4)) we have the following differentiation
property.

Proposition 1.9 (Measure differentiation). Suppose that A is a sub-linear functional on Borel
functions on an outer measure space (X, ) i.e.

IAMF+ G < AP+ MG and  AF) = [AA(F),
and suppose that A is quasi lower semi-continuous with respect to pointwise convergence i.e.
|A(F)| < liminf [A(F,)] if By, — Fpointwise.

Let the size || - ||s be generated by the family of sizes || - ||s¢ry with T € T while p is generated by
:T —[0,00]. If it holds that

1. for every T € T it holds that
IAEL)| S E(DIFs1), (1.13)
2. for any E C X it holds that

pE) =0 = [A(Flg)| =0,
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3. X is o-finite as in (1.2)).

then for all F € L'S
IAE) S IF s (1.14)

holds.
Condition [§ can be dropped if ||F||s < oc.

Proof. We suppose that ||F||p15 is finite, otherwise there is nothing to prove. Consider the
1-atomic decomposition of

F=> MFr > Il SIFs,

kezZ kez

where this equality holds pointwise as equivalence classes in B(X). We postpone checking that
A is well defined for equivalence classes in B(X). It is sufficient to check that (1.14) holds for
1-atoms since by subadditivity and lower semi-continuity one has

AP < Y IMIAED)] S (1P lpes
keZ

as long as |A(Fy)| < 1. Given an atom A let us choose a covering (T, € T),en such that

> B(T,) SulsptA)  sptAcC | T

neN neN
Using (1.13)) we have that
AE) < D IAFLn G, 1)l S Y BT IFlry,, 1lls S plspt A Flls = 1
neN neN

as required.

We now check that A is well defined for functions in F' € B(X). By sub-linearity it is sufficient
to check that A(F) = 0 if u(spt F) = 0. Notice that if u(spt F') = 0 then there exists a set
K c X with p(K) =0 and ||Flx\ g|ls = 0. As a matter of fact for n € N let K,, C X such that
p(Kp) < 27" and such that [[F'lx\ g, [|s = 0. Setting K = (), cny U,y Kn implies that p(K) =0
and by property it holds that ||[Flx\kl|ls = 0. Since |A(F)| < [A(Flk)|+ [A(Flx\ k)| we
show that both terms on the right vanish.

Since X is o-finite let (75, € T) be a covering with 7i(7},) < co and |J,,cn T = X. Then

IANFLar) £ AFLr k)l £ D AT Flr ks =0
neN neN

as required.
By ] we have that
IA(Flk)| = 0.

The condition [2| can be dropped if || F||s < co since, as before

A(F1x)| S liminf [A(F1x,)| S liminf p(K,)|| Fls = 0.
ne ne

If A is an integral with respect to a Borel measure we have the following corollary.
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Corollary 1.10. Let L is a non-negative Borel measure on X and for every T € T let
1
1Fllsir) = 75 [ IF@IAL()
@ w(T) Jr

then if either u(F) =0 = L(E) =0 for all E C X or |F||s < oo then

/x F(@)dL() < |F]lois.

1.2 Classical Carleson embeddings

The framework of outer measure LP spaces allows one to obtain some classical results from
Calder6n-Zygmund theory. These results rely on studying the classical (time-scale) Carleson
embedding for L? functions given by

1T
Fly.t) = finly) o) = 7(5) (115)
with 1 some base wavelet. For example if
1 1
V(@) = ma?+1
F becomes the Poisson extention into the upper half-plane. Similarly if
1 =z

then F' becomes the harmonic conjugate to the Poisson extention.

Embedding maps actually give a faithful representation of a function as testified by Calderén
reproducing formula. Let 1, ¢* € S(R) be any two functions such that [¢ = [¢* =0 and D
is an even, real-valued, non-negative function. Then for any function f € S(R) the following
identity holds pointwise and in L?:

“+oo
f@)=Co [ frvsui@)g (1.16)

where Cy = 1/1( )1/1*( )7 is some constant that depends only on .
Using the Fourler transform we have that

/f*wt*wt 0 /f 07 (e) 7

lele ™t dr
= F()d(sign(&)r)u~ (sign(&)r) —.

[3E T

(1.17)

In the last equality we changed variables 7 = |{[t. Since 12(0) = 12;(0) = 0 we have that
dT A dT
Cy = [T T = [ € (0,0).

By dominated convergence the integral in ((1.17)) converges to wa(g) as € — 0 . This concludes

the proof of (1.16).
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Outer-measure LP are the appropriate norms for studying the embedding maps (1.15). The
embedded function F' is a Borel function on Rf_ =R x R;. We recall that the outer measure
on Ri is generated by setting

(T (x,s))=s with T(z,s) = {(y,t) ERL: |y — 2| < s —t, t < s}.

On Rf_ we introduce the following family of sizes:

1 Lot

1Flsraean =5 [ IFooray).
T(z,s)

Then the following embedding Theorem holds.

Theorem 1.11 (Carleson embedding theorem). The embedding map (1.15)) satisfies the bounds
[Ellzese SN flev p € (1,00
Furthermore if [ =0 then it also satisfies the bound

1Fl s> S M1 fllze p e (1,00

Proof. We may restrict ourselves to proving the bound for p = oo and the weak bound for p = 1.
The full result then follows by interpolation as in Proposition applied between classical and
outer-measure LP spaces.

Case [¢ # 0:

To show the bound || F||pegee < || f]|Le it is sufficient to show that for any tent T'(x, s) we have

[Fllsee(ry =" sup  [F(y, )] S fllze-
(y,t)€T (z,s)

This is trivial since

[E(y, )] = |f )] < [ fllzee el S N fllzee

To show the bound ||F||p1.c0g50 S ||f|lzr we must show that for every A > 0 there exists a set
E, C R%_ such that

£l

n(ED) S 1

| Fipe sy lls= S A
To do so let us consider the open set

{z: Mf(z) > A} = | ) Bs, (2n)

neN
where B;, () is a (maximal) covering using disjoint open balls. Let us set
E, = U T(xn,3sn) = u(Ey) < Zﬁ(T(mn,&sn)) < Z 3sn, S %
neN neN neN

The estimate on the measure comes from the boundedness of the Hardy-Littlewood Maximal
function. It remains to check that

[Flgglls= S A
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This follows by contradiction. Suppose that for any C' > 1 there exists some (y,t) ¢ E) such
that

[f14e(y) > CA

Then, if C is large enough, M f(y') > X for all |y — y| < t and thus B(y) C Bs, (x,) for some
n € N but this contradicts that (y,t) ¢ E.

Case [¢ =0:

We will restrict to the case where spt 1 C [—1,1]. This is a non-essential restriction: if ¢» € S(R)
for an arbitrarily large N > 0 one can decompose

) =32 V()
n=0

where spt 1, € By are uniformly bounded Schwartz functions with [, = 0. It is sufficient to
use quasi subadditivity of outer LP.S? norms.
First let us start by showing the bounds || F||pesz < ||f||z~ i-e. we must show that for any tent

T(z,s)
S renwPaS sz
T(z,s)

By using the Plancherel identity we have that

1
;// NECRT = o A Pyt < LT RUGIR
2 5dT <
|f 3] [ (sign()7)| —dEs *||f||L2
where we used the change of variables 7 = |¢|t. Notice that if (y,t) € T(x, s) then

Frunly) = F*u(y)
with }T: less(%) SO

L e £ il S 11

as required.
Finally we proceed to show the weak L' bounds || F||z1.~g> < ||f||51. Recall that definition ([.6)
for each A > 0 we need to find a set E, C R2

||f||L1

(BN [F1g2 \y [ls2 S A

A Calder6n-Zygmund decomposition of f at level \ allows us to write

f=g+b=g+) b

with ||g||pe < A and
spt b, = Bs, (zn) /bn =0
R

”f”L1
b S A § B, (zn)| S .

sn (Tn) neN
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Set Ex = U,en T(2n, 35,) so that the condition on the outer measure of ) is satisfied. Notice
that

F(y,t) = G(y,t) + By, 1) = G(y, ¢ +ZB y,t) =gy +Zb * i (y
By the L*° bound above we have that

1Glls2(ry S A

By quasi subadditivity it remains to show that for any tent T'(z, s) it holds that

) dt
L 2, // b i (y)[? dyi
|| R+\E>\||SQ(T( ) )) S T(z,s)\Ek | t(

//Z E
S
({L’,S)\ A

by, * 1/)t(y)’ dy— S A?
n: s, <t t

where the second-to-last inequality follows by the fact that spti; C [—t,t]. We will actually

show that

I1Blrz\gy s> (r(@s) S A [1Blra\g, st (r@.s) S A

from which the bound for || - ||g2 follows.
As a matter of fact

t < Sj, (y7t) ¢ T(mj738j) - bj *¢t(y) = 0.

Let 5, be the primitive of b, supported on B (). Integrating by parts one has

D b WIS D Bt WIS D Ballzee 9l S A (1.18)

n:s, <t n:s, <t n:s, <t

since t 71| Bnllz= < 85, 1BnllLe < A and the supports of 3, are disjoint.

Similarly for || - ||s: we write
1 dt
et s Y L[ peenwla
S JIT(x,s)\Ex nisy <t © M T(w,8)\Ex
dt
< o R Rl
- an (w" ﬂBgs(aj)#@ t>s, y Zn‘<2t
, / dt (1.19)
S N I A A e
n:By, (20)NBas(a)0 ~ 7 >3 I 1y=al<2t
A
< = —152 <
~ s Z Sn Sn ~ >\
n:Bs,, (zn)NB3zs(x)#0
This concludes the proof.
O

We will now use the above embedding map to obtain several well known results from classical
harmonic analysis.
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1.2.1 The Hilbert transform

Using the Calderdén reproducing formula we may prove the boundedness of the Hilbert transform
on LP(R). Recall that

Hf(zx):= %PV/Rf(x —y)d—yy

Using Calderén’s reproducing formula (1.16)) with * chosen so that 1? = 0 on B.(0) for some

small € > 0 we have
(/ F o Yl >dz>

= [ 7@ () - 2 = /f*wt (el — )=
~2

where @(x) = Hyp*(x). We used the scaling and translation invariance of the operator H. Since
0 ¢ spt 12* ie. {b: is supported away from the singularity of the multiplier —isign(§) of H, it
holds that ¢ € S(R) and [ ¢ = 0.

By duality the boundedness of H on L?(R) follows by showing

’/R'Hf(x)g(x)dm) = ’/R . Fxe(2)pi(x — 2)g(x )dzﬁ dx

dt (1.20)
_ ‘/R F(z, )G (1) %| S 1 fllzs gl o
T

for all functions f, g € S(R), where

F(z,t) = f *(2) G(z,t) = g * ¢/ () with ¢¥(z) := o(—x).
The embedding Theorem allows us to conclude. As a matter of fact we have that

dt
\/ F(z,t)G(z,t)dzT‘§||F(z,t)G(z,t)||L1(Sl) corollary [[LT0)
&

SF (2 )| e (s2) |G (2, t)HLp’(Sz) outer-measure Holder
S llee gz embedding Theorem |1.11

The above procedure can be generalized to operators given by smooth Mihlin multipliers as long
as one shows that the embedding Theorem [I.11] holds for

F(z,t):/Rf(:E)goZ’t(a:)dx

where ¢, is a family of wavelets indexed by (z,t) € RZ such that tp (¢ - +2) is uniformly
bounded in S(R) and with that 0 ¢ spt ©,;. Non-smooth or non translation invariant operators
are beyond the scope of this thesis.

1.2.2 Paraproducts
The simplest example of a paraproduct is a bilinear form

dt

+oo
Pra)a) = [ Fea@) s n@F
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where ¢, € S(R) with [¢ = 0. Paraproducts are closely related to products. As a matter of
fact given two functions f,g € S(R) and ¢ € S(R) with [ ¢ = 1 we have that

+oo
f@)g(x) = lim f () g pi(2) = */ O (f * () g* @i(x))dt
0

+o0 +oo
= —/ [ xOrpr(x) g% i (z)dt — / I xoe(z) g* O (x)dt
0 0

dt

+o0 +oo
- ren@are@ A [ et genoF

where 1(z) = —0, (z¢(z)) and so [ = 0. The second equality above holds since f x ¢y (z) — 0
as t — +oo. We used that

1
Orpr(x) = =t 2p(t o) —t3ay/ (t12) = —zwt(x).
Thus we have obtained that

f(@)g(x) =P(f.9)+ Py, [)
By the classical Holder inequality we have that

1 1 1
£l Loy S WS llzesllgllze 1- o T D€ [1,00], pj € [1,00].
Let us show that the paraproduct P also satisfies these Holder-type bounds (except for the
endpoints).
We make the inessential assumption that sptey C {£: 1 < |¢] < 2} instead of simply (0) = 0

and that spt @ C {€ : |¢] < 2}. This simplifies some of the technicalities of the argument.
The trilinear for dual to P is given by

(hodocf) = [ PR @@= [ [ fisoorfes @) G falo)ia
Applying the Fourier transform and commuting the integrals we have that
[ Pt @) @)
= [ [ ([ Reoememseans [ Reremeiteie) T
o SOt d
= [ [ RenBedica - eatitmiadeT
I AN — d
= /0 /R2 f1(&1) f2(€2) f3(=&1 — 52)<P(1)(t§1)1/)(t€2)d€1d€27t
[ ReR@ R4 - &) iig) 06T
o Jre
where we decomposed ¢ = 1) + (1) with 1) (1) € S(R) such that

sptoD) C {€: e[ <1/2}  spto C {£:1/4 < |¢] < 2}
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Now let us introduce a ¢ 93 € S(R) such that

PD0) =0, $D(E) =1 on (st +sptd) © f¢: 1/2 < J¢] < 4},

and — R
FO(€) =1 on (spt v +spt ) C {¢: I¢] < 4}

Using the above conditions and inverting the Fourier transform we obtain that

/0 /F;2 Fi(&) fa(€2) fa(—&1 — 52)82(\1)(t€1)$(t§2)d§1d§2%

~ —

— /0 . &) (&) f3(—& - fz)S;(T)(t&)?b(t&z)w@)(—t(fl + §2))d§1d§2%

dt

= [T [ R s vt @
0 R

and
| [ AR fi-6 - e)iDis)ite dade

- /0 /R2 Fi(&1) fa(E2) fa(—&1 — fz)@(t&)zﬁ(t@)@(_t(& + §2))d§1d§2%
dt

= [ [ el @n )i e o @i
0 R

For the first term we use corollary [I.10] and the outer-measure Holder inequality to obtain

t
SN x o8 (@) fo % (@) f3 ¢ 0 ()] L1 o

S 1 o @) | o oo || o % e (@) || o2 sz | 3 % 08 ()| Los 52
S Wl || fall oz || foll o -

The last inequality follows from the embedding Theorem [I.TI] The crucial observation is that
of the three term in the integral, at least two appear convolved with a mean-zero functions .
The second term can be dealt with in the same way.

This approach can also be expanded to include more general paraproducts given by multipliers,
but this is beyond the scope of this presentation

/0 h /R fr % o0 (@) fo % (@) fo + 9P (@)da 2

1.2.3 Sparse operators and Carleson measures

The classical notion of a Carleson measure o on R? is a Borel measure that satisfies the following
bound
o(T(x,s)) <Cs V(z,s) € R3.

If 0 = p(x, t)dx% is given by a non-negative density then the above condition becomes

1 dt
f/ plz,t)de— < C
S JT(x,s) t
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i.e. o is a Carleson measure if
llpllpesr < C  for some C > 0. (1.21)

Given a Carleson measure let us consider the form

k) [ : (f . ) (£ . 2l do .1

This is a positive form so we may assume that f; and fo are non-negative and it follows that
I8, 11 S F(x,t) = f * ¢i(x) for some non-negative ¢ € S(R). Using the embedding it
follows that the above form satisfies the bounds

/(f |f1|><f |f2)da<x,t>s||F1||Lpsoo|F2||Lp/Sm||pngl
Ri_ By (x) By (x)

for all p,p’ € (1,00) with % + 1% =1.
Sparse forms are closely related to Carleson’s measures. A discreet n-linear sparse form with
exponents s, , s, € (1,00] is given by

(frooe o fa) = D H(][ | f1] S’>1/Si (1.22)

IeS =1

where G is a collection of intervals such that

> <. (1.23)
Jes
JcI
In a continuous setting we consider for which py,--- ,p, € (1,00] does the bound
N1/s; -~
‘/ A1) pla, x‘ S H 1 fill s (1.24)
+i=1 Bt (2)

with some p satisfying (1.21)) hold. The relation between (1.22]) and (1.24]) is given by the fact

that the former can be rewritten as
1/Si
(frsoo s fn) ’_>/ (][ |f1 si) do(z,t)
+ =1

where o(z,t) = > ;.a 2t d(x — 27) 6(t — |I]/2) and condition (L.23)) implies that o is a Carleson
measure. Bounds (|1.24)) imply the bounds for ([1.22)) by a straightforward mollification procedure.
The bound ([1.24)) follows by noticing that

si)1/si // Fy(z,t)p tdd—
L, ot s

+ i=1
S HFi(x7t)p($vt)||L151 S llpllpee st H 1FillLri s>~ < H Il fill s -
i=1

i=1 i=1

We have used the property and the outer-measure Holder inequality that holds as long
as y -, % = 1. The last inequality follows from the boundedness of the embedding map

Fi(t) = (]i( Al
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that hold as long as p; > s;. This follows from Theorem [I.11] by noticing that

Fi(x, t)* S| fi

()
for some non-negative bump function ¢ € S(R) and that

1/s;
Vs S il

Si

inl/sq
IFi | oese S NES NN o S i

1.3 Time frequency analysis and the Walsh-Fourier model

1.3.1 The Walsh group

We now introduce the Walsh group that is a discrete analog of R. The advantage of this analog is
that many problems in Real Harmonic Analysis have a corresponding formulation for the Walsh
group that maintains the major characteristics of the original problem while simplifying some of
the more technical details. We describe the Walsh group in somewhat greater generality than
strictly necessary in this application.

We begin by fixing a prime p, for our applications one may set p = 2. For every = € Ry consider
its digit expansion (2y)nez in base p with z,, € {0,...,p— 1} and x = ), z,p" and instead
of classical addition consider the operation & that is digit-wise addition without carry. Formally
the Walsh group with base p is obtained by setting

|z| = max{p": x, #0} for x € H Z,
nez (1.25)
W, = {x €l,ezZ,: |2| < oo}.

with @ induced by the sum on Z,, i.e.

. (1.26)
Tp+Yn — P lfxn""yn > D

(D Y)n = (zn +yn)/zp = {

Both the 0 element and the inverse —x are well defined. The map (x,y) — |z — y| defines a
translation invariant distance with respect to which W), is complete. The topology is generated
by p-adic intervals that are balls in the Walsh metric Byn(z) = {y: |z — y| < p"} with z € W,
and n € Z.

Intuitively, by defining & this way, we are postulating that different orders of magnitude, repre-
sented by different digits, behave independently. Following the same intuition, multiplication on
W, is given by the Cauchy product

(CC@y)n = ( Z !Ekyz)/zp

k+l=n

that is well defined since |z|, |y| < oo and the norm z +— |z| is multiplicative i.e. |zy| = |z||y|.
By a slight abuse of notation for any n € Z set p" € W), be given by

1 k=n
(p )k_{o k£
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The multiplicative unit is then given by p® = 1 and any non-zero number z € W, has an inverse.
Given |y| < 1 it holds that

[ee] [ee]
L+y =) (Dyo--oy=) (-Dfoy®*
k times
while if a € {0,...,p — 1} the inverse a™! in Z,, exists since p is prime. Since for any = € W, it

holds that z = p" ® (z,,) ® (1 +p"0® (a:n)*la:> with p" = |z| we can compute ! as

2= p @) YR (14 p O (@) )
k=0
From now on we will silently omit the ® notation and write zy instead of z ©® y for x,y € W,.
We will be using a crucial geometric remark about Walsh intervals: given two intervals I, I’ C W,
it holds that
INI'#0) = ICI'orI'CI.

Given a p-adic interval I = Bjj(z) C W), we say I’ is a p-adic sibling of I if I' C By (z) =
By (x). Given an interval I we denote by pl its p-adic parent i.e. if I = Bj(z) then pI =
Byjr)(@).

Let us introduce a translation invariant (Haar) measure | -| on W, by setting |B1(0)| = 1 so that

| Bpr ()| = p"

while the measure of other Borel sets can be determined via a covering argument. Notice that
the map
x—i(x) = Z Tpp™. (1.27)
neZ
from W, to Ry is continuous, surjective, and injective when restricted to the complement of the
Walsh numbers of the form

{z: 2z, =p—1Vn < —N for some N € Z}.

This last set is countable so it has vanishing measure, and furthermore the above map i is
measure-preserving. In terms of function spaces f — f oiis thus an isometry between LP(R.)
and LP(W,).

Given two intervals I, I’ we say that I is lower than I’ (I’ higher than I respectively ) if all the
points of the real interval i(I) are smaller than all the points of i(I").

To introduce the Walsh-Fourier transform we introduce the shorthand

27

exp(z) =e'»

T 1

Given an integrable function f on W, its Walsh-Fourier transform is defined by
fie) = [ r@)esp(—go)da

where the integration is taken with respect to the measure we introduced on W,,. In terms of
Fourier analysis on locally compact Abelian groups the dual group /Wp of W), can be identified
with W), itself via

x — exp(&x) for some & € W,

Figure[I.2]illustrates the graphs of the characters of the group W5. The numbers are represented
in binary expansion
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£€=00 £€=0.1

Figure 1.2: Some characters of the group Ws: graphs of the functions x — exp(&x).

Proposition 1.12. The Hausdorff-Young inequality
1A Ler ow,y S e, pe[l,2]
and the Plancherel identity

/ F©)7@)de = / f@)g@dz  Vf.ge LX(W,) (1.28)
W, w,

hold.

Considering the translation, modulation, and dilation symmetries applied to an integrable func-
tion f we have the following identities that can be checked by direct computation

J(-—y) =exp(=y)f(-)
exp(n)f(-) = F(- =) (1.29)

Given y,n € Wy, and n € Z let us consider the function

exp(n)p~ "1, () (-)-

Notice that given y' € Bpyn(y) and 0’ € B, (n) it holds that

exp(n )" 1B, (y) () = exp((n" —n)y) exp(n)p™"1p,. () () (1.30)
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Figure 1.3: Walsh wave packets in the time-frequency plane.

i.e. the two functions differ by a factor exp((n’ — n)y) of norm 1 since for x € By»(y) it holds

that exp(nz) = exp(ny).
This motivates us to introduce the following notation. Let P be the set of all p-adic rectangles
of area 1 or a “tiles” i.e.

P= {P =Ip xwp: Ip = Byn(y), wp = By-n(n) for some y,n € W, and n € Z} (1.31)

where I, and wp are the time and frequency projections of the tile. Notice that |Ip||lwp| = 1.
Given a tile P we associate to it the wave packet

wp() = |Ip] ™ exp(npe)Liy (@) (1.32)

as in Figure [1.3.1] To avoid ambiguity we set np to be the “lower” point of wp i.e. np € wp
such that (np)m, = 0 for all m € Z such that p™ < |wp].
The tiles encode the support of the wave packet and of its Walsh-Fourier transform.

Proposition 1.13. Given a tile P € P and an associated wave packet wp it holds that
sptwp = Ip sptWp = wp.
Furthermore two wave packets wp and wp: are orthogonal if and only if PN P’ = (), otherwise
1

/ wp(z)wp (z)de = max(|Ip|, [Ip]) .
W,

P
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Finally, any subset
UrP.=Acw, xw,

where P, are a finite collection of pairwise disjoint tiles identifies a finite-dimensional subspace

of L*(W,) given by
{Z AnWp, : Gn € C}.

This subspace depends only on A and not on the given representation of A as a union of tiles
(tiling).
The proof of the above statements depends on the fact that

—

T 0)(6) = /B o PR = 15,06 (1.33)

Proof. If |§] < 1 and |z| < 1 then exp(§x) =1 so

/ exp(—&z)dx = / dz = 1.
B1(0) B1(0)

On the other hand suppose |£| = p™ > 1 so that we can represent By (0) as a union Uf:l By-m(x;)
of pairwise disjoint p-adic intervals and & = &,,p"™ + &< with |<| < p™. Thus using a change of
variables and that exp(—p~"¢<ma’) = 1 for 2’ € B1(0) we obtain that

-
/31(0) exp(—§x)dx = Zexp(—gxi)/ exp(—Epp™ ) exp(—E <) dar

i=1 B,—m (0)

-
_ —Ex)p™ —¢,, Ndz' = 0
;eXP( xi)p /B exp(—&ma’)dz

1(0)

The last inequality follows from the fact that

/ exp( il = S / exp(—m)z = 3" ple- T g,
B1(0) =B, ) =
O
As a consequence, using it follows that
Wpxap (£) = Wopx1p (€)- (1.34)

If P and P’ are disjoint either Ip N Ip/ = () or wp Nwp: = so

| weteywriade = [ @p@@r (e =0
%%

P WP

If P and P’ are not disjoint, we may, by applying a modulation and a translation to both
functions assume that wp,wp/, Ip,Ip: 3 0 so

/ wp(x)wpr (z)dx = |Ip| | Ip|™? / dz = max(|Ip|, |Ip/|)71,
w,

P IpﬂIP/
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The last part of Proposition [[.13] can first be proven in the special case

A= B1(0) x B,(0) = L_J B,-1(p~'q) x B,(0) = L_J B1(0) x Bi(q).
q=0 q=0

by counting dimensions. In fact the p wave packets in each representation are orthogonal and
thus a basis, and the p X p matrix

1 2miqq’

(a,4") —>/pr,l(p—lq)pr(O)(ff)wsl(o)xBl(q')(ff)dffZP_ e v

is non-degenerate. One concludes the proof of by an induction argument that we omit.

1.3.2 The Carleson operator

Let us now get back to the Carleson operator (0.1). Its linearized version is given by

Cof(z) = /  Feemea (1.35)

for some fixed Borel measurable stopping function ¢ : R — R. To bound the above opera-
tor on LP(R) we first need to obtain the wave-packet representation . We expect such a
decomposition to be available since the family of operators is essentially defined by its
symmetries: apart from scaling and translation invariance typical of Calderén-Zygmund opera-

tors, the supremum in (0.1)) accounts for modulation invariance i.e. if f(x) = e?™® f(x) then
Cf=Cf.
Identity (0.3)) follows by duality from the equality

Cof (@) = [ £ty s () (bl = =) i (1.36)
where
Uni(2) =t w(%) (1.37)

with ¢ € S(R) a suitably normalized, non-negative, even, generating wavelet with Fourier trans-
form v supported in a small ball By. The function x is a non-negative cutoff that satisfies

X€CX(Bud))  Bu(d) C (b, +o0) / x=1 (1.38)
and the truncated wave packet in is given by

nt(2) = Una(2)x(t(n — ©)). (1.39)

Proof of (1.36) . We now show that the above identity holds for f € S(R) and for any bounded
Borel function c¢. For every point z € R we introduce a modulated Littlewood-Paley frame
centered at the frequency c(z) € R (compare to (1.20)). As a matter of fact freezing ¢ = ¢(z) in
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(1.36) and applying the Fourier transform gives

f(/ o b % e (2) X (t(n — C))dndt>
RxR+

= [T dete - m)? xtetn - an’T
RxR+
dt

= [ RO dHe - ) xS
- (d)xR+

o~

= Lierto0) () Cy X ()0 = F(€)1000)(€)
B.(d)

where Cy = [t @(t -7 )2%. The last identity holds up to renormalizing 1. Clearly, notice
that if ' € B.(d) and £ —c¢ < 0 then t(§—c)—n' < —b for all t € RT and thus w(t(g—c)—n')Q =0.
On the other hand if £ — ¢ > 0 one may change variables t' = #(£ — ¢) to obtain

~ Ladt o edt!
| te=a =y F= [ 9 =1)G = Cow

The constant is positive and finite since ¢’ > 1Z(t’ —1') is real-valued and supported away from
0. It can be checked that the integral in (1.36]) converges uniformly. O

We claim that the Wy Walsh analog with of the wave packet representation (0.3 is given by

D wedal); Lup, () wp(DIpl = Y F(P)AP)|Lp| (1.40)

PeP PcP

where wp, is the lower dyadic sibling of wp i.e. if w’ is the dyadic sibling of wp then wp, = w' if
w’ is below wp and wp, = ) otherwise.

The integral in is taken over Ri that parametrizes all rectangles I, X wp of R? with area 1
via the map

(y,m,t) = Bi(y) x By-1(n).

The term |Ip| in (1.40]) is simply a normalization term associated to the discretization of the
measure of Ri’_ when passing to dyadic tiles.
A real wave packet

e
(- —z) = e 1@( - )

is adapted to such a tile in the sense that ¢, (- — z) is essentially supported on By(y) whereas

—

©nt(- — 2) is essentially supported on B;-1(n). By this we mean that for arbitrary N > 0 the
bounds

c—y|\—N
il —y)l S Nt (14 |Ty|)

enr = )OS Cnt (1441 —nl)

hold. The Walsh analog for ¢ is given by 15, gy so that ¢, ;(- —y) and wp(-) have corresponding
time-frequency localization for ¢t = |Ip|, y = xp, and n = np and thus the Walsh embedding

F(P)={(f; wp) = (2)wp(x)dz (1.41)

f
Wp
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corresponds to (0.5). On the other hand the truncated wave packet (1.39)) either essentially
coincides with v, ; if
Bi-1(n) C (¢, +o0] dist(c; By-1(n)) =~ t*

or vanishes if the above conditions do not hold. It follows that

A(P) = (a(); Lup, (c())wp (")) (1.42)

is the appropriate Walsh analog for the embedding . Given the definition of wp, we can
restrict P to consist only of the tiles P that are the higher frequency children of their parent i.e.

WPy 7# 0.

1.3.3 Boundedness of the Walsh Carleson operator in local L?
Using the theory introduced in Section [I.I] we will now prove that the bounds

> FPAPIE| S Ifllal e pe(200) (1.43)
PecP

hold.
We begin by defining the family of generating sets T that we call trees. For every tile Ppr =
I X wp C P set

T(Pr) = TY(Tp) UT™ (Tp) :=

1.44
{PeP:IpClIy, wr CwptU{PeP:IpCIp, wr Cwp,} (1.44)

where wp, is the lower dyadic sibling of wp as defined previously. Let us define a pre-measure
by setting
A(T) = |Ir. (1.45)

and let the outer measure be generated by & as described in ([1.1)). Consider the two generating
sizes

IFllse () :== [IFlls2.u ) + IFllso (1)

1/2
1 1.46
(7 X RO s ) (1:46)
Pperw PeT
[Allsm (7)== [|Allszu(ry + |Alls1.a(7)
1 1z (1.47)
(i X APPI) o 3 A
PeT(w) Tl pera
that are Holder dual with respect to the size S! generated by
1
1Glls2 (1) == Tl > le(P)[|1p] (1.48)
Tl per
in the sense that
IFAllst < IFllse|Allsm vV F, A Borel functions. (1.49)

Using the outer integral domination property outer-measure Holder inequality [I.0]it follows
that
‘Z F(P)A(P)|IP|‘ S IFAls S IIFllzrsellAller gm  p € [L,00] (1.50)
Pep
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To show (1.43)) it is thus sufficient to show the embedding bounds

IFllrse S I1f1 e p € (2,00] (1.51)
1Al gm S llall o p' € (1,00 (1.52)

1.3.4 Proof of bounds for F
We show that (1.51) holds with p = co and that the weak bound

[F L2 se S 122 (1.53)

holds. The statement then follows by outer-measure interpolation as in Proposition
For p = co we show that for any tree T" the bound

| Fllsery = 1Flls2uery + [ Fllgoo(ry S I fllzee

holds. Since ||wpl/rr =1 it follows that
Fllsry = sup [ fap < |l
PeT JW,

It remains to show that

1
IIFII?SWT):@ > IF@)PIe| S 1 ze
PcT()

Notice that the tiles P € T(*) are pairwise disjoint. Given two distinct tile P, P’ € T(" it holds
that wr C wp, Nwp; # () so let us suppose that wp, C wpy. f wp, =wpy and Ip N Ipr # () then
Ip = Ip: since |Ip| = |wp,|™! = |<,up(§l|’1 = |Ip/| and thus P, P’ would coincide. On the other

=

supported on Ir so by Bessel’s inequality

Y. F@PUel= Y (fiwe) el <IIf Liollze S el f]7

PeT™) PeT®w)

hand, if wp, C wp; then wp Nwpr = ). Thus |Ip|'/?w, are orthonormal for P € T(*) and are all

as required.
Proving the bounds ([1.53)) requires showing that for any A > 0 there exists a set E) C P such

that
/112
)2
It is enough to show that the above holds for S* and S?* in lieu of S° respectively.
Let us first work with S?%; we construct E) via an algorithmic covering argument. At every
step 7 > 1, among the T such that

IFlecllseqry SA YT €T, p(Ey) <

(1.54)

1
2] Z IF(P)[*|Tp| = A? (1.55)
T pere\uizi T

consider those trees T' with minimal wp with respect to inclusion. This is possible since for any
tree it holds that

[Ir[ < A2 Y R(P)PIp|
PeT(w)
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and thus |wr| is bounded from below. Consider the tree T to be the one with the higher-most
wr among this sub-collection .
We claim that

-1

j—1
Pe(@\Jm), Pe@\|Jn) = PnP =0 (1.56)
k=1 k=1

for any j < j'. If j = 5/ then P, P’ € Tj(u) and we reduce to the single tree case that we have
shown previously. For j < j’ let us reason by contradiction and suppose that wp Nwps # @ and
IpNIp # 0. If wp = wps then it follows that P = P’ and this contradicts the assumptions
of (1.56) since P' = P € Tj(u) - Ui;ll Ty. Suppose that wp C wps then wr, C wp, C wpr
and Ips C Ip C I, and thus P’ € Tj(") once again contradicting the assumptions of ([1.56]).
Finally suppose wp: C wp then wr,, Cwpr Cwp while wr C wp, so wr, is higher than wr, that
contradicts the selection order.

Disjointness property (1.56|) gives that, at any step N, one has

N
IAZ: =D > (f;wp)|Ip]

I=0 per{\UjZ} T
N N
2 2
=3 > F@PIR =Y N
=L PeT \ULZ] T i=1
We used Bessel’s inequality since disjointness implies orthogonality according to Proposition

[13l It follows that
N al 112
n(UJT) <D 1| < =53
, p

j=1

2
and thus E) = U;’il T; also satisfies u(Ey) < Hf)l\# Conditions with $2() in lieu of S°
are satisfied: in fact any tree T" where the first condition fails would be selected by the above
algorithm in finitely many steps.
To show that holds with S° in lieu of S¢ one may follow a similar algorithm using

IF(Pr)1p\;_, 7, (Pr)
|| -

as the selection condition instead of ([1.55)). We omit the details that are essentially the same.

1.3.5 Proof of bounds for A

We show that bounds (1.52)) hold by interpolating between p’ = co and the weak L?" bounds
that hold for p’ = 1.
Let us associate to every tile P € P the auxiliary embedding

1
M(P) = [ o)1, (clw)d (1.57)
\Ip| Jip
and we show that the bounds
Ml s S llall 9 € (1,00) (1.58)

Ml L1 se S flallzr
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hold with ||M||gss = suppep [M(P)|. We then conclude using the following size domination lemma

Lemma 1.14. Suppose E =, T,, is a union of tree such that
IM(P) 1o sl s < A

then
|ALp g lsm S A

Proof of (1.58)). We show ((1.58)) by interpolating between the two endpoint estimates. For p’ =

oo the estimates is trivial since

M(P) =

1

m - ‘a(m”lwp (C(.T))dx < ||(l||Loo,

We now show the weak L'S° bounds: for any A > 0 we find a set E) such that
IMoysy s S A w(Ex) <A~ allon (1.59)

We proceed algorithmically. At every step j consider let P; be a tile with minimal wp with
respect to inclusion among tiles satisfying

PeP\|JT(P) |M(P) = (1.60)
k=1

This is always possible since for any such P it holds that [Ip| < A7Y|alz:1.
We claim that
P,NPj; =0 for any j < j'. (1.61)

Let us reason by contradiction and suppose that wp, Nw P, # 0 and Ip,NIp, # (. By minimality
with respect to inclusion wp; C wp,, but then Pj € T(P-) contradlctmg (1.60]).
Using (|1 7 at any step N, we obtain the bound

N N
UT DEDSUIED I ALEE
j=1 j=1

<A / )|ZlIPj () 1w, (c(z))dz < IIaI)I\Ll.

Setting Ex = (Jj2, T(P;) we obtain (L.59). In fact any P that violates would be selected after
finitely many steps. O

Proof of size domination Lemma[I.1] Given E = J, T, such that [Mlp\gllse < A we show
that for any tree T' the bounds

[ALp\ Bt S A (1.62)
AL\ gl 52,00 (1) S A (1.63)

hold.
Let us begin with (1.62)) by showing that for any N > 0 the following bound holds

> IAP)[Ip| S M| where AT@ = (TW\ EYn{P: |Ip| > 27V}
AT(d)
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Let J be the partition of I generated by Ip with P € AT@ ie. setting
I={IClp:Ip ZIVYPec ATD}

J e Jifand only if J €T and 2J ¢ 7.

Then
PIRLSIIRESY / la(@)] Y Lip(@)Llep, (c(2)) da
AT(@) Jeg’J PeAT (@)
< lal@) 1, (c(0) do
Jes 7
where w is the unique dyadic interval such that wy C wy and |w;| = |J|~!. This holds since if

x € JNIp for some P € AT then J C Ip and thus wp, C 2wp C wy. It is sufficient to show
that

]i\a(x)llw (c(x)) < 4N (1.64)

Reasoning by contradiction let w} and w; be the two (upper and lower) dyadic children of w;
ie. Zw}' =2w; =wy and set QT = 2J x wj and Q7 = 2J X w; so that at

M(Q1) > A or M(Q™) > A

and thus QT € F or Q~ € E. By maximality of J there exists P € AT® such that Ip C 2J
but then P € F since either w}r C wp or w; C wp, and E is a union of trees. This concludes
the proof for S1(@),

We show by proving for any tree 7" and any N > 0 the dual bounds

> AP)H(P)|Ip| £ Azl where AT™ = (TW\ EYn{P: |Ip| >27N}.  (1.65)
PcAT(w)

for any function H with

> HP)P|Ip| < |Ip).

PeAT(w)

Let once again J be the partition generated by P € AT,
We can rewrite the sum in (|1.65)) as

> A(P)H(P)IIP|=/ a(@) Y Lup, (c(@))H(P)wp(2)|Ip| do

Ir

PeAT(w) PeAT(w)
-y / (@) 1@y (@) Y Lup, (c(@)H(P)wp (@) Ip| da.
Jeg’’ PEAT@W)

The second equality holds by maximality of J since if v € J C Ip then wy D wp,. Let

h(z)= Y H(P)wp(x)|lp]

PcAT(w)

and since tiles in AT are pairwise disjoint and thus wp are orthogonal we have that

Ili7= = > HP)PIp| < |Ir].
PeAT(w)
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For any given x € I, set
I_(x) = min{|Ip| with P € AT™, ¢(z) € wp,}
I, (z) = max{|Ip| with P € AT™ ¢(z) € wp,}

and let P_(x) be a tile such that [Ip_(z)| = # and wr C wp_(y) and let Py (z) be such that
|Ip, (z)] = 4 (v) and wr C wp, (). Notice that for every point & € I7 it holds that

> Lun, () HP)ue @] = ([ B o @) wr @I )

PeAT )
- (/ h(y)wp, () (y)dy) wp, () (T) P, (2)]

and thus

1., (c(x))HP)wp(z)|Ip|| S su h(y)|dy.
L, (@) HPR@irl| 5 sp f by

PEAT ) 1>l (=)

Using the fact that I_(z) > |J| for any x € J € J the right We have that for z € J

sup ][ Ih(y)|dy < sup f Ih(y)|dy
1>1_(z) J Bi(a) 5JJ1

where the right hand side is constant for = € J and is dominated by the dyadic Hardy-Littlewood
maximal function

Mh(z) = ?315:)][ |h(z)|d.

Thus

\ /J a(@)1y (@)L, () Y 1wpd(c(x))H(P)wp(x)\Ip|dx’

PEAT(®)

< ][] a(2) 1y (2) 1o, (z)dz /] Mh(z)dz.
and it can be shown as in the case that
f]a(x)lJ(x)le(x)dx <4
Using the L? bound on the dyadic Hardy-Littlewood maximal function we conclude that

> APHP$ [ M) S Al
PEAT() Ir

as required. O

1.4 Iterated outer measure spaces

In the previous section we have shown that the Walsh analog of the Carleson operator (0.1)) is
bounded on LP(R) for p € (2, 00) by reducing to the bounds (1.51)) and ([1.52)) on two embedding
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maps. However the bounds do not hold for p € (1,2) and this is the main obstruction for
proving bounds for the Carleson operator on the full range p € (1, 00).

The failure of for p < 2 follows from a rescaling argument. Consider the function f = 1p, (o)
and consider the quantity u(||F|/se > 27%) for k > 0 large enough. Notice that

F(P)>27% VP = By (0) x By—x (&) with By—x (&) C B1(0)

thus if [|[Flx\ pllse < 27" then E has to contain all the above tiles. Any given tree T € T can
contain at most two such tiles and each such tree has to have |Ip| > 2k Since there are 2F tiles
as above it follows that

p(lFlse > 27%) > 22+t
so clearly even weak bounds fail for p < 2.
Intuitively, the problem is that the measure p does not distinguish space and frequency local-
ization: in the above example the “optimal” covering set ||[Flx\g|[se < 27 consists of trees at
different top frequencies & but with the same spatial interval It = By (0).
We address this deficiency by introducing iterated outer measure spaces. Consider a new family
of generating sets D called strips given by

D(ID) = {P eP:IpC ID}
and let us generate an outer measure v via the pre-measure

As sizes we use localized versions of outer-measure LP norms calculated with respect to the outer
measure p. For every g € (0,00] and for every strip D € D introduce the size

IFllga(pys = Ip| 9 IFlpllres  [[Fllzas = sup IFllza(pys (1.66)
€

It is straight-forward to check that £S5 satisfy the conditions for being a size. We can thus define
iterated outer-measure sizes as follows

dA
1P s = / o ([Flhgs > )5

In this instance we explicitly specify the outer measure of the iterated outer-measure LP spaces.
We claim that the following bounds hold for the two embeddings (|1.41]) and (1.42)):

[Fllzrease Spag 1fllze p € (1,00, g € (max(2,p), 0] (1.67)
Al ogar sm Spog 11 Lo p € (1,00], g € (1,00]. (1.68)
Before proceeding to the proof of these two statements let us see how this allows us to deduce
L? bounds for the form (1.40)) associated to the Walsh Carleson operator on LP x L? for the full
range p € (1,00).
As a matter of fact it can be shown that

> RPAP)Ie]| S IFALss
PcP

by using the property [1.10| twice. To apply it at the outer level of v and £,S" it is sufficient to
verify that for any D € D

> 6Pl S TD)GIsy )
pPeD
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But this follows once again by property recalling the definition of the size (|1.48) and of the
measure (1.45) on trees. It holds that

> a(P)pl| 5 I61pllny s
PeD
since for every tree T' € T
> 6(P)Lollel| S w(T)IGLo st (r)-
PeT
Similarly, using outer-measure Hélder’s inequality twice, it follows that
1 1 1 1

IFAllLzer st S IFllpeg se Al Ly ga gm » + 7y + i 1

Clearly the above bounds hold as long as
IFA

5}151 S ||F||LZSE A”EZ/SWL'

but this in turn follows from outer-measure Holder’s inequality and the duality relation (|1.49)).
Putting the above steps together gives
‘Z F(P)A(P)IIPI‘ SIFALier st S IRl eegse Al ppo g S IS zellall Ly
vhip
PeP

for all p € (1, 00) since for each such p one can find a Holder tuple (g, ¢’) such that bounds (1.67))

and (|1.68]) hold.
We now pass to proving bounds (1.67) and ((1.68)).

1.4.1 Proof of iterated bounds for F

We will show bounds (1.67) by interpolating between weak endpoint results. In particular we
show that p € (1,2) the two bounds
IFllp=pese S I1f]Le (1.69)
IFll poog oo ge S M1l (1.70)
hold.
We begin with (1.69) and we need to show that for any A > 0 there exists a set K\ C P such

that
v(EX) SATPIfIL,  [IFLevk, lese S A (1.71)

Let us consider the dyadic Hardy-Littlewood p maximal function
1
My () = sup(f |f(a)Pda)*”
I>z JI
where the supremum is taken over all dyadic intervals. Since M, is bounded on L? it holds that

{z: Mpf(@) >N = I,  EKi=|JDn=J D)

neN neN neN

V(KN S YTl SIS
neN

(1.72)
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where I, are the maximal dyadic intervals with respect to inclusion contained in {x: M f(z) >
A}. It remains to show the second claim of ([1.71)) i.e. that for any tree T' € T it holds that

IFlp\ iy llse(y S A (1.73)

If I7 C I, for some n € N then Flp\g, = 0 and there is nothing to prove. Otherwise let us
do a Calderén-Zygmund decomposition of f1l;,. at frequency &r € wr over the intervals I,, from

(1.72) for which I,, C Ir.

By this decomposition we mean that

flIT:g+an

neN

where
9 =0+ Y 00 Ge=FlinU,tn 90 = (Fiwp,)wp,| L]
neN
where P, = I, X Bjj,|-1({r) is the unique tile P € P such that Ip = I, and wy C wp. The
“bad” terms are given by
bn = fli;11, — gn

and notice that for any P € T'\ |J, .y D» it holds that

neN
<bn; ’wp> =0.

and thus

F(P)1p\k, (P) = (g; wp)lp\k, (P).
Notice that for every « € W5 it holds that |g.(x)| < A and |g,(x)| < A by maximality of I,,. Thus
lg(x)] < A and (1.73)) follows by L> boundedness of the embedding (1.41]). We have concluded

the proof of (|1.69)).
To show bounds (1.70) we must prove that for every A > 0 there exists a set K such that

v(EX) SATPI e ek g e se S A (1.74)

~

The second condition means that for any D € D and for any 7 > 0 there exists F, depending on
D and 7 such that o
IFlpvi,1pe, llse S 7 p(Er) SN 777 |Ipl. (1.75)

Let us select K as in so that the first condition of is satisfied. Fix a D € D and
7 > 0 and let us carry out the tree selection algorithm described in the Section for the
function F1p\ g,. We may assume that 7 < A because we have already shown that holds
with B, = 0 if 7 > CX with C > 1 large enough.

After finitely many steps L suppose that we have selected trees T ---T7. We may assume
that for every selected tree it holds that Iy, C Ip and I, ¢ I,. Let us now consider the
multi-frequency Calderén-Zygmund decomposition of f1;, as follows. for each I, C Ip let
En = {ij € wr,: Ity 2 I,,} be the frequencies of the tops of the trees T; that intersect I,,. We

write

where

ge = le\U” I, gn(z) = Z <f1D;wInXB‘In‘_l(€)>w1n><Bun‘_1(5)("1‘1)|In‘ (1-77)
EEE,
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and b, = flp — g,. Notice that
Ll 2 gull 2 < |72 £, 2
|In|_1/2‘|gn||L2 < |En|1/2|1n|_1||f11n”L1
and by interpolation and maximality of I,, we obtain

|In|_1/2H9n||L2 S |En|1/2_1/pl|In|_1/p||f11n S |En|1/2_1/pl)‘

while |gc| < A by construction of K.
The bad part b= )", b, is orthogonal to the wave packets in the selected trees:

L
PelT\KEx = (D _buwp)=0.
j=1 n

so from the weak L? bounds for the selection it follows that

Jillfnl ST‘2</ID lge(@)Pdz + > |gn(x)|2dm).

n: I,CIp”In

Let N(z) = Zle 1;,, be the counting function of the top intervals of the trees so that

Zle |I,| = fID N(z). On each I, the function N is constant on each I,, so we obtain

/ (1+N(z))dzgx2f2/ (1+|N(2)|*"2/7)da
ID ID

/ 172//

< AZr2 |2/ (/ L+ IN@)de)

Ip

and thus

L
S iy S / N(z)dz < X777 |Ip|
j=1 Io

as required.
For the case p € [2, 00] we need to prove it is sufficient to replicate the above argument and using
{z: Maf(z) > A} to construct K.

1.4.2 Proof of iterated bounds for A

The proof of the bounds ([L.68]) also relies on a certain projection property. As we have done in
Section we show the following bounds for the auxiliary embedding M given by (L.57):
IM[[Locgoe s S llallzee [M][pocgrces= < llallLe

[M[[z1.0cgoogoc S [lallzr [[M][z1icgroogoe S [lalz

and then we conclude by interpolation and using Lemma
The first bound follows trivially since we have already shown in that |[M|lge < [laf|pee-
Similarly We have that M is local so that for any D

[M1p]lz1.0(s0y < llalsp ||t
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In fact for Ip C Ip, M(P) depends on the values of a only on Ip. This implies the bound

[M1p] L1, (goe

)
M||g1.00 g0y = SUp < lallpee.
H ||:51 (S) e |ID| || ||L

If p =1 then let us set

Ky=JDu=JDI) {o:Ma@)>N=|]1IL

neN neN neN

— V() S Dl SIS
neN

where I, are the maximal dyadic intervals with respect to inclusion contained in {z: Mja(z) >
A}. Consider the “stopped” function

(o) = )y, 1,(0) + - 11, 0) £ alw)dy
n In
that by maximality of I,, satisfies |a(x)| < A. Using definition (1.57)) it follows that

M(P)=M(P) VP:Ip¢|]JI

where )
M(P) = —
D=1 ),

Thus it follows from the reasoning for p = oo that for

a(2) |10, (c(z))d.

M\, [[Les= S llalle S A [Mlpyk, [[roes= S flaflze S A

as required.

1.4.3 Sparse domination

We now show how the bounds (1.67) and (1.68) can be used to obtain sparse bounds for the
Walsh Carleson operator. By this we mean

|52 5 we)al): L, ()} I S sup S |1|<]{ 1) f @ (1.78)

PeP Ies

for any s > 1. The supremum is taken over all sparse grids & i.e. collections of intervals that
satisfy bounds . We have shown in that the expression on the right is uniformly
bounded in LP x LP" for all p € (s, 00).

We begin by noticing that the bounds ((1.67) and can be rewritten as follows. Fix s > 1,
q € (8',00), andg’ € (1,00) such that % +7=1 Given any strip D € D there exists a subset

Kp C D such that

1 1
_ < -
‘ID|1/S ||F1D\KD||LZS" ~ |ID|1/S||f1]D|

LS
(1.79)
HHA:LD\KD HL?L/SE 5 WHQJ-ID ||L1
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and with
|v(Kp)| < ev(D) for some € < 1. (1.80)

This follows by applying the iterated embedding bounds to the functions f1;, and al;, respec-

tively and setting K = K,(Df) U Kgl) to be union of the exceptional sets for f1p and alp. While
this is not strictly necessary, recall that

~Unti) Ut = {2050 > Cln 1, 1}

K =Un U= {e: Mate) > Cltol et 11

for some C' > 1 be a large enough. By a limiting procedure we can suppose that the sum on the
left hand side of (|1.78)) is taken over a finite collection of tiles. Set &g = I for some I, large
enough so that it contains all intervals Ip of the finite collection of tiles. Iteratively define

n+1 U {JE\JKD(I)}
Ies,

where Ji,, is a family of intervals that generates a covering of the exceptional set Kp i.e.
> = v(Kp) U p)oKp
JEIK JEIK
and J € J,, may be taken pairwise disjoint. Let us then set & = |J;~_, &,, so that it holds that

> F(P)A(P)|Ip| = Z > > F(PAP)Ip|.

PcP n=01€6, PeD(I)\ UD(J)
JEG 41

Using (1.79)), outer-measure Holder inequality and the fact that by construction

KD(I) - UD(J)
JEG 41

it holds that

HalI”Ll

’ZF( |IP’<ZZ‘ ‘|I|1/SH
PeP n=01e6,
-S> ][m )"

S

as required.
It remains to check that & is sparse. Suppose that I € &,,, then

o0 [e%S)
YoM=Y > MUIS Y S I
Jes m=n+1Je&S,, m=n+1

JCI JCI

Since given any two intervals J,J' € & either they are disjoint or one is contained inside the
other the above bounds follows for any dyadic I.
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Chapter 2

Variational Carleson embeddings
into the upper 3-space

Computations are like parsley:
they go well with anything.

-P.A.

This chapter contains the result of the paper [Ural6).

In this chapter we formulate embedding maps into time-frequency space related to the Carleson
operator and its variational counterpart. We prove bounds for these embedding maps by iterating
the outer measure theory of [DT15|. Introducing iterated outer LP spaces is a main novelty of
this paper.

2.1 Introduction

In this paper we consider the Carleson Operator

+oo )
C.f(z) = / _, F@eca, (2.1)

with ¢ : R — R a Borel-measurable stopping function. The Variational Carleson Operator studied
by Oberlin et al. in [OSTTW12] is given by:

1/r
VICf(z) = (Z Cornr £(2) - Cc,cf(Z)V) (22)

keZ

where ¢ : Z x R — RU {400} is a stopping sequence of Borel-measurable functions such that
¢x(2) < cgy1(2) for all z € R and k € Z. The boundedness on LP (R) with p € (1,00) of these
operators, uniformly with respect to the stopping functions ¢ and ¢, implies the famous Carleson
Theorem on the almost everywhere convergence of the Fourier integral for functions in LP(R).
The main technique for bounding these operators were first introduced by Carleson in his paper
|Car66] on the convergence of Fourier series for L? ([~ /2, 7/2)) functions and is often referred
to as time-frequency analysis.
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The purpose of this paper is to discuss embedding maps into time-frequency space X = R x
R x RT relevant to and . In Theorems and we show the boundedness
properties of these embedding maps in terms of appropriately defined norms. Generally speaking
an embedding map is a representation of a function by another function defined on the symmetry
group of the problem at hand. The appropriate norms for dealing with these embedded functions
are the outer measure LP norms introduced in [DT15] in the context of the Bilinear Hilbert
Transform, an operator with the same symmetries as and .

Theorem is an extension of the result of [DT15] to 1 < p < 2. For our proof we introduce
iterated, or semi-direct product, outer measure LP spaces and incorporate the idea by Di Plinio
and Ou [DPO15| of using multi-frequency Calderén-Zygmund theory from [NOT10]. The em-
bedding Theorems and are somewhat dual to for the purpose of bounding the bilinear
form associated to and respectively.

In [OSTTW12] the operator has been shown to be bounded for p € (1,00) and r € (2,p').
The proof in the range p € (2,r) requires only theorems that make use of non-iterated outer
measure spaces of [DT15]. While initially introduced only to address the range p € (', 2], iterated
outer measure spaces surprisingly provide a direct proof in the complete range p € [r,00), and
hereby explain ad-hoc interpolation techniques used in [OSTTW12].

The advantage of reasoning in terms of embedding maps
is also attested by the recent developments in [CDPO16]
that prove sharp weighted bounds for the Bilinear Hilbert
Transform using the embedding from [DPO15|. In a sim-
ilar spirit, the the embedding maps and the results of the
present paper are used to obtain sparse domination and
weighted boundedness for the Variational Carleson Oper-
ator by Di Plinio, Do, and the author in [DPDU16].

We also point out the recent paper [DMT17] in which Do,
Muscalu, and Thiele use outer-measure LP spaces to pro-
vide variational bounds for bilinear Fourier inversion inte-
grals, that are bilinear versions of .

On a historical .note, we point out Hunt’s ext'ensi.on Figure 2.1: Bounds of V'C. on
[Hun68] to LP with p € (1,00) of Carleson’s pointwise L7(R).

almost-everywhere convergence result [Car66| for Fourier

series of functions on L?([—7/2, 7/2)). Carleson’s and

Hunt’s results depend on a fine analysis of the properties of a function on the torus. In [Fef73]
Fefferman concentrated on proving the same result by a careful study of the operator . The
wave-packet representation for the operator that is crucial for making use of embedding maps
appeared in [LT00| that provides a more symmetric approach encompassing the aforementioned
two ideas. This approach inspired both [OSTTWI12] and the present paper.

Finally, we emphasize that we formulate an embedding map into the time-frequency space pa-
rameterized by continuous parameters, in the vein of [DT15]. This allows us to avoid model-sum
operators and averaging procedures ubiquitous in other works in time-frequency analysis. Fur-
thermore, such a formulation proves to be more versatile and in particular the results of the
present paper imply all the bounds for the discretized model used in [OSTTW12|.

S =

N

[T
D =

2.1.1 The Carleson operator

For simplicity we begin by discussing the Carleson operator (2.1)) that is a specific instance of
(2.2)) for r = +00. The operator is given pointwise by the Fourier multiplier operator associated
to the multiplier 1i.(.), 4+0)(§) applied to f. This can be expressed in terms of a wavelet frame
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centered at frequency c(z) using a continuous Littlewood-Paley decomposition:

Cof @) = [ [ 5 nale) x 8 = cl2)) (23
where
Yya(2) 1=t 1eim g (;) (2.4)

with ¢ € S(R) a suitably normalized, non-negative, even, generating wavelet with Fourier trans-
form 1) supported in a small ball B,. We use the notation B, (z) := (x — 7,z + r) to denote a
ball of radius r centered at x, while if x = 0 we omit it by simply writing B,.. The non-negative
cutoff function y satisfies

x € C= (B.(d)) B.(d) C (b, +00) / =1 (2.5)
Given two functions f,a € S(R) set

Fy,n:t) == f o+ ¢n(y) (2.6)

Aly,n,t) == /Ra(zwn,t(y —2)x (t(n — c(2))) d=. (2.7)

The arguments of the above functions are points of the time-frequency space X = R x Rx RT that
parameterizes the defining symmetries of the class of operators defined by i.e. translation
of the function, translation of its Fourier transform, and dilation. The outer measure LP spaces
allow one to deal with the overderminancy of the wave-packets.

The wave packet representation gives the inequality

/R C.f(z)a(z)dz

< ‘//X F(y,n,t)A(y,n,t) dydndt | . (2.8)

By duality the bound of the operator (2.1)) on LP(R) follows from bounds on L?(R) x L¥'(R) of
the bilinear form on the left hand side of the previous display.
The abstract framework of outer measure LP spaces provides us with the Holder type bound

\ JJ Fwnnawa dndydt‘ < 1Fl s 1Al e s, (2.9)

with % + 1% =1 and % + % = 1. Appearing on the right are iterated outer LP quasi-norms that
we elaborate on in Section 2.2

The embedding maps defined via equations and , that we call “mass” and “energy”
embeddings for historical reasons (compare with |[LT00]), satisfy the bounds

1Al vz s,y < llallzers (2.10)
[F |l oga(s.) S IflLe- (2.11)
Theorem 2.1 (Mass embedding bounds). For any p’ € (1,00], ¢’ € (1,00], and for any function
a € LP (R) the bounds (2.10) for the embedding (2.7) hold with a constant independent of the

Borel measurable function ¢ : R — R.

Theorem 2.2 (Energy embedding bounds). For any p € (1,00], ¢ € (max(2;p’), x|, and for
any f € LP(R) the bounds (2.11)) for the embedding (2.6) hold.
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Theorem [2.1] follows as a corollary of Theorem [2.3] below while Theorem [2.2] will be proven in
Section
The boundedness of the Carleson Operator on LP(R) follow as a result of the above discussion.

Indeed for any p,p’ € (1,00) with %—i— i = 1 one can find ¢,¢" € (1,00) such that %—1— |

q¢
and bounds (2.10) and (2.11)) hold.

We remark that iterated outer measure spaces are used to address the case p € (1,2). In Section
We show that if p € (2,00) a the non-iterated version of outer measure LP spaces are sufficient
to prove L? boundedness of (2.1)).

2.1.2 The variational Carleson operator

The operator (2.2)), introduced and studied in [OSTTW12], is bounded on LP(R) for r € (2, o]
and p € (1',00). The above paper also shows that this range is sharp in the sense that that
strong LP bounds do not hold outside this range (see Figure .

By duality it is sufficient to prove the bilinear a priori bound

chy1(2)

£z
A;%MA@ Fle)esde dz

with a constant independent of the stopping sequence ¢. For the above expression to make sense
we require that f € S(R) while a € L (I") i.e. z +— a(z) = (ax(2))rez is a function on R such
that for every z € R its value is the sequences a(z) = (ax(z))rez € 1" (Z). The function a is
Borel measurable in Bochner sense and

, 1/p’
lallswry = ( [ la)Igidz) < oc.
R

Analogously to (2.8)), the left had side of (2.12)) admits a wave-packet domination

cry1(z)
i€z
[ [ foeraa

kez k(2)

S Iz lall Lo gy (2.12)

< //X |F'(y,m, t)A(y, n, )| dydndt. (2.13)

where the embedding map a +— A is given by

J o s
R

kezZ

(2.14)

A(y,n,t) :=sup
v

The supremum above is taken over all possible choices of left or right truncated wave packets
‘112’"0;r A left truncated wave packet \I/Z’ncf at (y,n,t) € Xis a S(R) function parameterized by
c— < ¢y € RU{+00}. The parameterization satisfies the properties below. The following three

functions of the variable z
e MRS (y + t2) (2.15)
19, (e—m(yﬂz)\ycﬂw (y + tz))

y,m,t

t71o., (e*"’?(y”'z)t\p;;ﬁ (y+ tz)>
are bounded in S(R) uniformly for all (y,n,t) € X and ¢_ < ¢4 € R. For some constant b > 0

the functions \IIZ’WC,;+ satisfy

spt U5 5" C Byo1y(n). (2.16)
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For some constants d,d’,d” > 0, and € > 0 it holds that

c c . t(U*C—) € BE(d)
T £0 ly if 2.17
Vyne 7 omye {t(c+—77)>d'>0 (2.17)

W — \IICﬂJFOO if t(C+ _ 77) >d"'>d > 0. (218)

Y1t Y,n,t

C,

The wave packet \I/y’n 4" is right truncated if v, is left truncated.

The main result of thls paper is the following bounds for the embedding (2.14] - that are analogous

to the bounds

Theorem 2.3 (Variational mass embedding bounds). For any v’ € [1,2), p’ € (1,00], and
q € (r',o0] and any function a € LP (I") the function A defined by (2.14) satisfies the bounds

Al Lo o (5, S el Lo 1oy P € (1, 00] ¢ € (r',00]; (2.19)
furthermore the weak endpoint bounds
||AHLP’]5°°(Sm) S llafl e ar’ p' € (1, o] (2.20)
||A|‘L1,oo15q’(sm) N Ha“Ll(r) he (', o

Al L1 g 5,0y S llall oy

m

hold. All the above inequalities hold with constants independent of the stopping sequence ¢ ap-
pearing in (2.14]).

We refer to Section [2.2]for the description of the outer measure structure on X and for the precise
definition of the iterated outer measure LP norms appearing on the left hand sides.

Corollary 2.4 (Boundedness of the variational Carleson operator |[OSTTW12|). The operator
(2.2) defined pointwise for f € S(R) extends to a bounded operator on LP(R) for r € (2,00] and

p € (r',00).

Given Theorem the above can be obtained analogously as for the operator (2.1)). For for p
and r set ﬁ =1- 1%, % =1- %, and choose ¢ and ¢’ so that = + % = 1 and the bounds ([2.11)
and (2.19)) hold. Using the outer measure Holder inequality (2.9)) with the variational embedded
function A in lieu of A and the wave-packet representation ([2.13)) we obtain the required bound
212).

Theorem follows from from Theorem [2.3] when r = oo by formally setting

(2) ifk=0 —o0o0 ifk<O
a(z) ifk=
ai(z) = i (z)=<c(z) ifk=0 (2.21)
0 otherwise N F k>0
oo i

In particular the term ¢y ¢(y — z)x (t(n — c—)) appearing in (2.7) are left truncated wave packets
with respect to the parameters c_ and c; = +o0.

2.1.3 Structure of the paper

The rest of this paper is organized as follows. In Section[2.2]we define the outer measure structure
on X. We then recall properties of outer measure L? spaces and generalize them to the iterated
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construction. In addition we illustrate a limiting argument for maps to outer measure LP spaces
that allows to consider the bounds , , and as a-priori estimates. We also
prove interpolation inequalities that allow us to restrict the proof only to the the weak endpoints
of the above bounds. Finally, we formulate the abstract outer Holder inequality and an outer
Radon-Nikodym Lemma that imply inequality .

In Section we prove the wave-packet domination bound . In particular it is shown that
one can choose both the geometric parameters of the outer measure space (see Section and
the parameters of the truncated wave-packets in a compatible way i.e. so that both Thoerems
and as well as the conditions , hold. This is done by providing a wave-packet
representation for multipliers of the form 1j._ ., ) with c_ < ¢y € RU{+oc0}. For any stopping
sequence c¢ this yields an embedded function A.(y,n,t) so that

/RZak(z)/c%H(Z) f(ﬁ)eiézdg dz = ///XF(y,n,t)Ac(y,n,t)dydndt. (2.22)

kez k()

The embedded function A, is pointwise dominated by A and the map a — A, is shown to be
linear. Furthermore the same procedure shows that the inequality in (2.8) is actually an equality
ie.

/R CLf(2) a(2)dz = ///R P A dydndt. (2.23)

In Section[2.4] we introduce an auxiliary embedding map for which we show iterated outer measure
bounds. The crucial result is given by the covering Lemma that allows one to control the
measure of super-level sets of this embedding map and by a projection Lemma [2.22] that implies
iterated bounds.

In Section [2.5] we actually prove Theorem [2.3] by showing the the auxiliary embedding map of
Section dominates the embedding @ in terms of sizes.

Finally, in Section we show that bound holds: this follows from an adaptation of the
results of [DPO15]. We also remark how in the case p € (2,7) a non-iterated version of outer
measure LP spaces is enough to obtain LP bounds for and thus for with p € (2,00).

2.1.4 Notation

We quickly recall some useful notation.

We say that A(z) < B(x) if there exists a constant C' > 0 such that A(z) < CB(y) for all z,y in
the domains of A and B respectively. Unless otherwise specified the constant C' > 0 is absolute.
We may emphasize the dependence on a specific parameter p by writing A(z) <, B(y). We write
A(z) ~ Bly) if A(z) S Bly) and A(z) 2, B(y).

We denote open and close Euclidean balls of R as

B.(z):=(x—rx+r) B, = (—r,+r) B.(z):=[x—r,x+r] B, = [—r,+r].

We indicate by 1g the characteristic function of the set © i.e.

lo(x) = 1 ifze®
0@ =30 g0

For an arbitrary large N > 0 we introduce the smooth bump function

W(z) = (14 22)"? Wi(z) == t'W (;) . (2.24)
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We define

][ f(z)dz = 1 f(z)d=.
BT(I)

27’ Br(x)

The operators M and M, are the Hardy-Littlewood maximal function i.e.

M f(z) := sup ]i( )|f(z’)\dz’ (2.25)

teRTt

teRt

, N L/P
M, f(z) :== sup ( |f(z)|pdz> .
By (z)
Given a function ¢ € S(R) we obtain its frequency translates and dilates by setting

Pn(2) =171 (;) :

The stopping sequence ¢ will denote a Borel measurable function defined on R with values in
increasing sequences in R U +o0 i.e.

2+ o(z) = (x(2))kez —00 << ggo1(2) < ep2) < ggga(z) < -0 < o0,
Similarly a will denote a Borel Bochner-measurable function on R with values in I i.e.
2 a(2) = (ak(2)hez €17

We use the notation LP(S) and LPLI(S) to denote (iterated) outer measure LP spaces. The
(outer-) measure of the space is omitted from the notation. We distinguish the above from LP
that are classical Lebesgue spaces. In the case of of LP spaces on R the measure is the Lebesgue
measure; when necessary we may emphasize the measure £ on the space by writing LZ(’ ac)-

2.2 Outer measures on the time-frequency space

We begin the description of the outer measure on the time-frequency space X by introducing
a family of distinguished generating sets. The tent T(x,£,s) C X indexed by the top point
(z,€,s) € X is the set

T(x,&,8) =T (2, & 5) UTE (2, ) (2.26)
TO(,€5) = {wm.0): ly —al < s, tn € € 0D, 1 <5
TO(@,6,5) == {(wn.0): [y — | <5, 41— €01, t <sf
where
O =(a,a™) o = (87,8") o =0\ (2.27)

are geometric intervals such that 0 € @ C © ie. a~ <~ < 0 < at < g+. We refer to T
and T(¢) as the interior and exterior parts of the tent 7. To define the iterated outer measure
structure we introduce strips D(x,s) C X as

D(z,s) :={(y,m,t) : |ly—=x| <s,t<s}. (2.28)
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et ats—1

t (x,5) P (&)

Figure 2.2: The tent T'(z,¢&, s).

We indicate the family of all tents by T and the family of all strips by D.

The specific values of the geometric intervals ©, @, and ©(¢) in are often inessential.
However, the freedom of choosing appropriate parameters was shown to be important in [DT15].
Theorem [2.3] holds as long as

By, c 0 c By B.(d) U B.(—d) c ©© (2.29)

with b, d, d’, and € appearing in (2.16)), (2.17)), and (2.18)). As a matter of fact, if one were to
consider only left truncated wave-packets in (2.14]) then Theorem would hold as long as

B, c W —d < B~ B.(d) c ) NRT = [8*,a™). (2.30)
Theorem [2.1] holds as long as satisfies

B, c 6 sptx € ©© NRT = [T, a™). (2.31)

Theorem holds as long as B, ¢ ©). From now on we will allow all our implicit constants to
depend on © and ©().

We now define the outer measures p and v by introducing the pre-measures i, and 7 on the
generating sets

(T (x,&,8)) :=s 7(D(x,s)) :=s. (2.32)

The outer measure of an arbitrary subset £ C X are obtained via a covering procedure using
countable unions of generating sets i.e.

V(E) = inf{ N w(D,):Ec |J D, } (2.33)

neN D,eD

neN
and similarly for p using 7 and the family T. We say that v and p are generated by the
pre-measures (7,D) and (@, T) respectively. We call an outer measure space a pair (X, u) of a
separable complete measure space X and an outer measure p : 2X — Rt U {+00}. We will
henceforth suppose that u is generated by pre-measures (i1, T) where T is a collection of subsets

T C X that we assume to be Borel measurable.

The final ingredient we need for introducing outer measure LP spaces is a notion of how large
a function on X is. We call a size any quasi-norm || - ||s on Borel functions on X i.e. a positive

functional that satisfies the following properties. Monotonicity: for any Borel function G; and
Go

Gh| < |G| = [IGills < [|Galls- (2.34)
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Positive homogeneity: for all Borel functions G
INGlls = |AIG]ls VA eC. (2.35)

Quasi-triangle inequality: for any sequence of Borel functions G and for some quasi-triangle
constant cg > 1

oo (oo}
1Y Grlls <> HMIGk]s (2.36)
k=0 k=0

We define the S, p - super-level outer measure as
u(||Glls > A) := inf {,u Ey): [|G1lx\g,lls < )\} (2.37)

where the lower bound is taken over Borel subset E) of X. The outer-LP quasi-norms for p €
(0, 0] are give by

dA
G = [ p¥a(IGls > %) S
AERT
weak outer LP quasi-norms are similarly given by

IGI1% sy = sup PN (|IG]ls > ).
AERT

The outer LP spaces are subspaces of Borel functions on X for which the above norms are finite.
The expressions defining outer LP quasi-norms are based on the super-level set representation
of the Lebesgue integral, however the expression u (||G|ls > A) that appears in lieu of the clas-
sical p ({x: |g(x)] > A}) cannot always be interpreted as a measure of a specific set. Generally
speaking, LP spaces for p € (0,00) are interpolation spaces between the size quasi-norm and the
outer measure of the support of a function.

Using a slight abuse of notation we say that a size || - ||s is generated by (|| - ||s¢r), T) where
| - ls(ry are sizes indexed by generating sets T € T and in particular
|Glls = sup [|Glls(r).- (2.38)
TeT

The construction of iterated outer LP spaces is based on using localized versions of outer LY
quasi-norms as sizes themselves. Notice that outer LY norms are quasi-norms since they too
satisfy the quasi-triangle inequality. Given a size S and a generating pre-measure (7, D), outer
L9(S) sizes are generated by (L2(S)(D), D) where

||F1DHLq(5)
HG||£‘1(S)(D) = W (2.39)

s0 ||Gllgas) := suPpep [|Gllea(s)(p)- Consequently we construct iterated outer LP spaces as

dr
G ptacsy o= | 27w (1Glls) > ) T (2.40)
TERT T

To deal with embedded functions F' and A from (2.6]) and (2.14)) we introduce the respective sizes
II1ls. and || - ||s,, that are generated by (S.(T), T) and (S, (T), T) respectively. The two families
of “local” sizes S.(T) and S,,(T") are given by

[Fdre ||

1P lls.cry = TN P,
SNTERE g (241)

= 1 Flls2(reery + |1 Fllso (1)
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1Al iz = VALTle | ATl
p(mV2 (D) (2.42)
= [|Alls2(r) + [IAll 51z

Here L2, L, and L' refer to classical Lebesgue LP norms on X with respect to the Borel measure
dydndt. The local sizes ||-||s, (1) coincide with the ones introduced on the upper 3-space in [DT15]
while || - ||g,,.(r) are dual to the former in an appropriate sense.

We conclude the construction of outer measure LP spaces with a useful remark about the specific
geometric properties of coverings with tents T. For any tent T'(z, £, s) we define its R-enlargement
with R > 1 as

RT(x,&s):== |J T(z.¢ Rs). (2.43)

€ —¢|<Rs~*

Notice that u(RT) < R3*u(T) with a constant that depends on the geometric intervals (2.27)
but not on R. As a matter of fact the set RT can be covered by a finite collection of tents
T(x,&;, Rs) by choosing &; such that

Utn: Bs—gyeer> | {n:Rstn—¢) € 0}

|§/—€|<Rs—*

The number of points & needed to do this is bounded up to a constant factor by R? and thus
1n(RT) < RPu(T).

2.2.1 Properties of outer measure L? spaces.

We recall some important properties of outer measure LP spaces and elaborate on how they carry
over to iterated outer-measure spaces. Generally X may be any locally compact complete metric
space; in our case X = R x R x Rt with

. _ t
dist ((y,m,8); (', 0, 1)) =t~y — o/ | + tln — 0’| + [ log |-

Dominated convergence

While outer measure LP spaces fall into the class of quasi-Banach spaces, we record only some
functional properties that are useful for our applications.

Recall that the quasi-triangle inequality for sizes holds for both finite and infinite sums.
Given an outer measure space (X, ) and a size || - ||, the outer measure LP quasi-norms also
satisfy the quasi-triangle inequality:

e

for any ¢, > ¢; where c; is the quasi-triangle constant of the size S. As a matter of fact, for any
A > 0 and for every k choose E) ; such that

s) Sereon DTGl o s) (2.44)
k=0

dA

|Gilx sy, lls < A IGillngs) < [ V(B0 T
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and set Ey = Uy Ey~+-1 , so that using the quasi-triangle inequality for || - ||s one has
o0 oo c
/J,(E)\) S 1% (E)\C/fkfl k) H Z leEg\ S )\/78
o s (¢ —c)
k=0 k=0
Thus

P c P dX
< 2 N p(Ey)—~
L?(S) p(c;—cs> /R+ HIEN) A

P o0
Cs
= (c’ —c > chp(kH)HG’“HiP(S)'

s k=0

|3
k=0

If p > 1 then this concludes the proof. Otherwise for any € > 0 one has

oo

>

k=0

oo

Seopeics Z(l + &) T Y Grllrs)
Lr(S) k=0

but since ¢, > ¢ was arbitrary this also allows us to conclude.
This fact is crucial to be able to use localized outer LP quasi-norms as sizes themselves. Further-
more we deduce the following domination property.

Corollary 2.5. Suppose that G is a Borel function on X and |G| < limsup,, . |G| pointwise
on X for some sequence of Borel functions G, that satisfy

Grs1 — Gullre(s) < C e " |GollLe(s) for some ¢, > cs.
Then
1GlLe(s) Scpese. [GollLe(s)-

This follows from and from the monotonicity properties of sizes and thus of outer L?
quasi-norms.

Using this property we will restrict ourselves to proving bounds (2.10), (2.11)), and for
a dense class of functions. In particular we will always consider the functions in play to be
smooth and rapidly decaying. For example, given a function a € LP (ZT/) one may always choose
a sequence of approximating functions a(™ ¢ C° (lT/) such that

e Loy S Nall oy

||a(n+1) —a® ||LP(l7'/) < 2_Nn||aHLP(l7")

for an arbitrary N > 1. Considering the sequence embedded functions A, associated to a(™ via
, the pointwise relation A = lim,, A,, clearly holds. Corollary applied to A, allows us to
conclude that if bounds of Theorem hold for the functions a(™ they also hold for a. Thus we
can restrict to proving the bounds as a priori estimates i.e. we can restrict to showing that they
hold for a dense class of functions a. The same can be done for the energy embedding bounds of
Theorem

Holder and Radon-Nikodym inequalities

We now illustrate the abstract outer measure results from which inequality (2.9)) follows. The
first two statements relate to general outer measure spaces and are similar to what was obtained
in [DT15].
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Lemma 2.6 (Radon—Nikodym domination). Consider (X, p) an outer measure space with fi,
generated by (1, T) as in ([2.33), endowed with a size ||-||s generated by (||-||s(r), T). Suppose that
the generating family T conszsts of Borel sets and satisfies the covering condition i.e. X =
for some countable sub-collection T; € T.

If L is a positive Borel measure on X such that

’LGN

[ 16mac(e) < cl6lsin ur) VT eT (2.45)
T
and for any Borel function G and

wE)=0 = L(E)=0 VE C X Borel (2.46)

then for any Borel function G the bound

’/ P)ALP)| 5 (1G]] s (2.47)
holds.

The proof of this Lemma is similar to the one in [DT15].

Proof. Suppose [|G||L1(s) < 00, otherwise there is nothing to prove. For each k € Z let El, be a
Borel set such that

161\, || < 2F p(Ey) <2u(|Glls > 2%).

so [|GllLis) S Zk__oo 2k p(ELy). Set

Eg := ] Eb AFEq. := Eo—1 \ Eax Eo= |J Ex Exw= () Eo.

k=—o00 k=—o00
We have
‘/G )dL(P /|G )|dL(p Z /\G )|dL(P /\G )|dL(P
X\ Eo k=—o0Ap,,

where

+oo
IG1ag,, s < 2° IGlzis) S . 2 u(AE).

k=—oc0

For every k there exists a countable covering | J;cy T, O AEsx such that

> H(Thi) < 2u(AE,).
leN
For each k € Z apply (2.45)) to obtain

/. BEGLEREDS | 16Par, (Pac)

1eN Y Tkt
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<Glag, s > Ti(Thr) < 287 u(AEy:)
leN

Thus

+oo
Z/ PYAL(P) < 1G]l s

k=—oc0 AE2’C

The term fX\Eo |G(P)|dL(P) vanishes because we may represent X = | J;.y Ti- Using (2 and
the monotonicity of sizes we have

A%| P)dL(P <Z/m ) 1x 1, (P)AL(P)

€N
S G0, sy B(T) = 0.

ieN
The term [, B, (P)|dL(P) also vanishes since
(o)
p(Eyr) <> pu(Ey) S 278Gl pis)
I=k
and thus p(Ey) =0 and L(F1) = 0 by (2.46]). This concludes the proof. O

The proof of the following outer measure Holder inequality can be found in [DT15].

Proposition 2.7 (Outer Holder inequality). Let (X, 1) be an outer measure space endowed with
three sizes || - |ls, || - lls7, and || - ||s~ such that for any Borel functions F and A on X the product
estimate for sizes

IEAlls < [1Fl[s[|Alls (2.48)
holds. Then for any Borel functions F' and A on X the following outer Hélder inequality holds:

IEAllLe(s) < 20 F | Lo sy 1Al o 5y (2.49)

for any triple p,p’,p" € (0, 00] of exponents such that 1% + 1% = %,

The above two statement can be easily extended to iterated outer measure spaces. Suppose
from now on that X is endowed with two outer measures v and pu, the former generated by a
pre-measure (7, D) as described in (2.33). Given a size || - || we introduce local L(S) sizes as
described by (2.39)) and the corresponding iterated outer LPL?(S) quasi-norms as described in

[2-40).

Corollary 2.8 (Outer Holder inequality for iterated outer measure spaces). Let (X, u) be an

outer measure space endowed with three sizes |- ||s, ||-||s/, and || - ||s» satisfying the assumptions

of Proposition Then given any two triples pairs of exponents p,p’,p"” € (0, oo] and q,¢',q" €
1

1 SIS S R .
(0, 00] such that ytr =3 and 7T =3 the iterated Holder bounds

1F Al rea(sy S N Fllporeer (s 1Al Lo e sy (2.50)

hold for any Borel functions F' and A on X.
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As a matter of fact the inequality
1EAllea(s) S I1Fllge sy | Allga sy (2.51)

holds for localized £9(S) sizes satisfy the inequality by Proposition applied to the defining
expression . Thus the local £9(.S) sizes themselves satisfy the conditions of Holder inequality
and the statement of the above Corollary follows.

The Radon-Nikodym Lemma can also be generalized to iterated outer measure LP spaces.

Corollary 2.9 (Iterated Radon-Nikodym domination). Consider (X, u) an outer measure space
with a size || - ||s and a Borel measure L that satisfy the conditions of Lemma[2.6 and let v be a
measure generated by (7,D). Suppose that D also satisfies the covering condition of Lemma .
Then the iterated Radon-Nikodym domination

|| @PcP)] < IGP) s s

holds.

As a matter of fact for any Borel function G the inequality
[ 1GPIEP) 5 [Glxisyo7(D)

follows from (2.39) and Lemma[2.6] Thus the outer measure space (X, ) and the family of local
sizes || - [|z1(s)(p) satisfy the conditions of Lemma [2.6{and the statement of the Corollary follows.
Using the above properties one can deduce inequality (2.9): introduce the size

1G]

G =sup ||G = su
Gl 51 TEPFH HSl(T) TEI; ()

so that the sizes || - |51, || - ||s., and || - ||s,, satisfy the product estimate (2.48). It follows from
the iterated Holder inequality (2.49)that

IF Al sy S N FllzegacsolAllLega (s,

for conjugate exponents % + z% =1 and é + % = 1. Furthermore we may apply to (X,v)
with the local size || - [|z1(s1) so (2.9) follows.

Interpolation

Here we recall some interpolation properties of outer measure L? spaces from [DT15] and extend
them to iterated outer measure LP spaces.
The proof of the following Propositions can be found in [DT15].

Proposition 2.10 (Logarithmic convexity of LP norms). Let (X, u) be an outer measure space
with size || - ||s and let G be a Borel function on X. For every 6 € (0,1) and for p%; = 1p;09 1%
with po,p1 € (0,00], po # p1 the inequality

1G] 20 (5) < oo G 7 e 5 |Gl )

holds.
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The following straight-forward remarks are useful to be able to compare outer measure spaces
with differing sizes.

Remark 2.11 (Monotonicity of outer LP spaces). Consider an outer measure space (X, u) with
two sizes || - ||s and || - ||s/. Suppose that given two Borel functions G and G' on X we have that

1Glx\ells S 1G"1x\Ells
for any E =, cn T that is countable union of generating sets T,, € T. Then
1GllLr sy S NGllLecsy

for all p € (0,00] and for iterated spaces

1Gl reacsy S NG lLrracs
for all p,q € (0,00]. Similar statements hold for weak spaces.

Remark 2.12 (Interpolation of sizes). Given an outer measure space (X, p) with two sizes || -||s
and || - ||s7, define the sum size as || - |ls+s := |- lls + || - ||ls7- Then the following inequality holds
for any Borel function G and for any p € (0, 0]

1G]l Lr(s+sy <2 (IGllLrs) + IIGllLr(sn) -

The proofs of the above remarks consists of simply applying the definition of outer measure LP
quasi-norms and as such are left to the reader.
As a consequence of the above properties, given a function G the following inequality holds:

Gl Lrea(s) < Cogoar (1G] Lrgaooe(s) + |Gl Logar.=(s))

for all go,q1 € (1,00] and ¢ € (qo, q1)-
Finally we state a version of the Marcinkiewicz interpolation for maps into outer measure LP
spaces

Proposition 2.13 (Marcinkiewicz interpolation). Let (Y, L) be a classical measure space, (X, pt)
be an outer measure space with size || - ||s and assume 1 < pg < p; < 0o. Let T an operator that
maps LP (Y, L) + LP* (Y, L) to Borel function on X so that

Scaling |T'(\f)| = |A\T'(f)| for all f € LP° (Y, L) + LP* (Y, L) and X € R;

Quasi sub-additivity
T(f+9)| < CUTN)|+T(g)]) for all f,g € L (Y, L) + L (Y, L);

Boundedness
1T roe sy < Crllifllpeoy.ey Vf €L (Y, L)

”T(g)HLm»oo(s) <Oy ||9||Lp1(y7g) Vg e LM (Y, L).
Then for all f € LPo (Y, L) N LP* (Y, L) we have

1T () zro (s Sopom C1 ColFllLrovicy

with 6 € [0, 1] and + = =0 4
Pe
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2.3 'Wave packet decomposition

The main object of this section is to show inequality (2.13)) i.e. the domination of the linearized
variational Carleson operator via embedding maps. The following procedure follows the general

scheme for obtaining (2.8)) (2.3).

Lemma 2.14. Consider any fized parameters d > b > 0, 0 < d < d —2b, d’ > d+ 2b, and a

small enough € > 0 appearing in properties (2.16)), (2.17), and (2.18]). There exists a choice of
truncated left and right wave packets \Ilgjn’,cﬁ’l and WG " such that for all c— < ¢y € RU{+o0}
the expansion

1(c,,c+) //R - phans f)—f'\:[/o’ ’(f))dﬂdt (252)

holds where the integral converges in locally uniformly for £ in (c—,cq).

Proof. Let ¢ € S(R) and x € C°(R) be two non-negative functions such that for £ > 0 small
enough, to be determined later the following holds

spt @ C By spt x C Be(d) C (b, +00) //RXR+ Pt - mx(ﬁ)dﬁcg- (2.53)
A change of variable 7 = tn and t = %, gives:
1(0,400) (& //RXR Ot (&) x (tn)dndt with ¢ +(2) = einzt_lnp(i). (2.54)
Let v € C° ([0,1 + €)) so that
y(t)=1fort e [0,(1+¢)7"] y(t)+6(1/t) =1 for t € RT.

Such a function can be constructed by taking 7 to satisfy the first two conditions and by setting

— y(t)
V(t) = sgytseyry- Let us then set

// o ¢ (&) x(t'n)dn'dt’ so that (2.55)
R><R+

566 = [ At 03yt )t
RxR+
Using (2.54) one obtains

e cn®= ] Bt DBt inaranar
(RxR*)2
so the representation ([2.52)) holds with

Gt () = X (0 — c2)) Bpa(€) Blt(ey — €) (2.56)
8,_77,,?5+,T(§) = X(t(c+ - 77)) @n,t(f) ﬂ(t(f - C_)).

It remains to check that \Ilg‘n’ct+’l are left truncated wave packets. By symmetry it will follow

that \I/C’n’c+’ is a right truncated wave packet. First of all (2.16)) holds according to since
spt @n,¢(£) C Bye—1 ().
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Notice that
d—e—0»

T2 , +00) B(€)=1on ((d+e+b)(1+¢),+00). (2.57)

sptBC(

As a matter of fact the integrand in (2.55) is non-zero only if /(£ — ') € By, and t'n’ € B.(d) so
t'¢ € Beyp(d). This shows that

d—e—b
£<
1+e
E>(d+e+b)(l+e) = t'<(1+e) ' = ()=1 = B¢ =1

= t'>14+ecort’' <0 = y(t')=0 = B¢ =0

where the last equality follows from
We now check that (2.17) holds. It follows from ) that W&o+ (€) vanishes unless x(t(n —

y,m,t

c_)) # 01i.e. unless t(n—c_) € Be(d). Also \Ilc”(:*’ (f) = 0 unless (£ —n) > —b and t(cy — &) >

Y1t
d—e=b d===b — b As long as 0 < d’ < d — 2b one can choose & > 0 small

ie. unlebb tlcy —m) >

Tte
enough for ) to hold.
We now check that (2:18) holds. We have that B(t(cy —&)) =1if t(cy —&) > (d+e+b)(1+¢)
and we know that @, ;(§) # 0 only if t(§ —n) € By thus if t(cy —n) > (d+e+b)(1+¢) + b then

e el ~ Se ool
o = x(t(n — ) @ne(§) = W5, 7™

so ([2.18) holds as long as d” > d 4 2b and € > 0 is chosen small enough
We now need to check the smoothness conditions (2.15). We must show that the functions

Tc_,cy,l £+77 Cc_,Cq,T £+77 c_,cq,T £+n
o <t> 0, wh <t ) I (t

are all uniformly bounded in S(R) for all ,t € R x RT and ¢_ < ¢, € R. Clearly

who (HTU) = x(tn —tc_) @n,t(ﬁ%) Bltey —&E+m)

and the claim follows. O

Corollary 2.15. Let us fix a set of parameters d’,d',d > 0 with d’ > max(d';d) and 3d > d'.
Then for any € > 0 small enough there exists b > 0 such that there exists a choice of left and right
truncated wave packets \Ilg”n’;*’l and Vo0 such that ([2.52) holds for all c— < c¢; € RU{+00}.

Proof. It d’ > d > d’ > 0 then let us choose € > 0 and b > 0 small enough so that the conditions
for Lemma [2.14| hold. Then the Lemma provides us with wave packets \110 “+ and \IIO T
such that (2.52)) holds as required.

Suppose now that 3d > d’ > d and d” > d’ and consider the set of parameters d”,d’,d, b, > 0
given by

E=c¢ b=b-14 d=d+6 d=d-3s d"=d" -6
for some d > § > 0. We need to check that the above parameters satisfy the assumptions of
Lemma that will give us the left and right truncated wave-packets \1/3;;?’ and \Ilg‘n’f‘*’ for
which -, m, and (2.18) hold with these modified parameters As long as 26 + b<d-— g,
setting ¥ c*’l =0l and o =0y 0", will provide us with the required wave-

0,n+6t=1,t 0,7
packets so that - holds.
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Set b = W and § = (1 — £)b so that b = b with £ > 0 small enough for the subsequent
inequalities to hold. All the abovementioned conditions hold since

~ ~ d—d
d—e—-b0—-20=d+6—c—-b4+0—-20=d—ec—-b=d—¢ 2(1_35)>0
b=¢cb>0

d—b=d—b+25>0

~ l—ed —d

7 [ S

d>d—-5=d 15 >0
Zi—z'b“—c?’:d—d’—2b+45:d—d’+2(1—25)b:(d’—d)G_;z—l)>0

v 1
d“d2bd”d2b>d”d’+(d’d)<11 38>>0.

This concludes the proof. O

As a consequence we obtain the following representation Lemma.

Lemma 2.16. Let us fix a set of parameters d”,d',d > 0 with d’ > max(d’;d) and 3d > d'. For
any € > 0 small enough there exists b > 0 such that for any f € S(R) and c— < ¢4 € RU {400}
the expansion

[ F@estag = [[] 1w (55 @+ v @))avande - (258)

holds. Here V' C+l and \IJC’ <l ore some left and right truncated wave packets for which

t
properties (2. 15) (2 16), (2. 1?), and (2.18) hold with the parameters above. The function i,
(2.4

is obtained from some 1p € S(R) as in (2.4)); we also have
spt 121\ € Biyep with(14+e)b < d —e.

Proof. Let us choose ¢ € S(R) such that spt& € B(14¢) and 12)\ =1 on By so that

Tc_,cq, c,7c N Tc_,cq,m c,,c s
‘;[1071771;L (6) 7% t(g) 0,n, tJr (5) \1107177t+ (5) ’(/}'r] t(é-) 0,n, t+ (5)
and let us set \I/;’nc;r (2) = Vg ’C+’ (z —y) and U7 (2) = ¥y 57" (2 — y). Tt follows that

JIL £ e vnet (w55 @) + w55 ) ayana
= // £ nay) (Wit + 0G5 ) (2)dndt
RxR+

- </ T @@ (T + @8,4,?”5))) =7 (flore . ©)

as required, where F~! is the inverse Fourier transform. O

As a corollary of the above Lemma we have the following pointwise wave-packet representation
for the linearized variational Carleson operator:
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_ Z // f %* wm ;kT(]ft),Ck+1(Z) l( ) + \Ij:fr(h) Ck+1(Z),r(Z))ak(z)dndydt'

kezZ

Setting

i t)i= [ 30 (U2 O+ WD O ) o)

kez

gives . We also remark that if ¢ and a are as in then the above construction reduces
to the one described by (2.3), and thus showing (2.23)).

Finally notice that if we fix ©® = (a~,a™) = (—1,1) and set d < 1 < d’ < d” with d’' < 3d,
then for every € > 0 small enough we may apply Lemma to obtain the parameter b > 0
and wave-packets \I/;‘,,c;“l(z), \I';jn’ﬁf“’l(z), and v, ;. Supposing that ¢ > 0 is small enough so
that d + ¢ < a™ =1 we can find (1 +¢)b < BT < d — e and set ©0) = (=, 1) = (=8F, ).
Thus there exists a set of parameters o~ < 8~ < 8 < o™ such that holds and is
satisfied so that Theorem 23] and Theorem 2.2] hold.

2.4 The auxiliary embedding map

In this section we introduce an auxiliary embedding map used to control the embedded function
A. The bounds with the same exponents as in hold for the auxiliary embedded function M
with S°° in lieu of S,,. However it is technically easier to control the super-level outer measure
i (JIM]lsee > A) of the auxiliary embedded function M. A crucial covering Lemma implies non-
iterated outer L’ space bounds for M while a locality property and a projection Lemma allows
for the extention to iterated outer LP L4 spaces.

The auxiliary embedding map associates to a € C2°(I") the function on X given by

M) = [ (S lon(a)l 3o - ule)) ' Wil - s (2.59)

kez
where the bump function W is as in (2.24).

Proposition 2.17 (Bounds on the auxiliary embedding map M). For any ' € [1,00], p’ € (1, 00],
and ¢ € (r',00] and for any function a € LP (I") the function M defined by (2.59) satisfies the
bounds

Ml Lo g (8%°) ~ < llafl 2 T’y (2.60)

where S (M) := SUP(y,.tyex M(y, 0, t). Furthermore the weak endpoint bounds
IMI| Lo v o0 (520y S Mlall o oy P € (1, o9 (2.61)

HM”LMOL::'(SOO) S HaHLl(lq’) q € (r',o0]

HMHLwav-’,w(Sw) < Ha”Ll(l"’)'

hold. All the above inequalities hold as long as N > 0 in (2.24)) is large enough and with constants
independent of the stopping sequence ¢ appearing in (2.59)).

We may make two reductions to prove the above bounds. First of all one can substitute Wy(z)
by a normalized characteristic function of a ball. As a matter of fact set

1/r'

Mr(y,n.1) ~—]i (y)(th o(t(n —Ck(Z)))) dz

keZ
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so that M(y,n,t) S >, en BV Mgn (y,m,t). Thus it is sufficient to prove that the bounds ([2.60)

hold for M with a constant that grows at most as RN for some N’ > 0 as R — 0o. The bounds
for M follow by quasi-subadditivity as remarked in Section as long as N > N’. For the
second reduction split © = O@T UO~ into OF := O N[0, +oo] and O~ := O N [—00,0]. Set

/7’
NE (5., ) 1= ]ém(y (Xl Los (407 — ex(=))))  de (2.62)

kez
so that Mp < ME + M%. Thus it will suffice to provide the proof of the bounds (2.60) only for
M
We begin by introducing the concept of disjoint tents relative to the embedding (2.62) and record

an important covering lemma.

Definition 2.18 (Q*-disjointness). Let Q > 0. We say two tents T(x,€,5) and T(2',€',s") are
Q™ -disjoint if either

Bgos(z) N Bgy (z') =0 or {c:s(6—c)eOtIn{c:s'(¢ —c)ecOt} =10
Notice that if a sequence of tents T'(x, &, 81)1en are pairwise QT -disjoint, with @Q > R, then for

every z € R

<1

Y Lot (si(& — ()1, <xls_ Z)

leN !

and the bound

> sMf (&, s1)" < 2817[ D ae(2)]” Lo (HE — ex(2)))dz (2.63)

leN IeN Brs;(z1) ez
< 2R)! / laz)
R
holds.

What follows is a covering lemma. We remark that this is the only instance where we require
smoothness and rapid decay assumptions on a.

Lemma 2.19. Let a € C(I"). If Q > R > Ry for some Ry > 0 depending on © the super
level set

’lr,,,/ dz = (2R)_1 Ha| 27,/ (l"'l)

E\gr:= {(x,é,s): Mg(x,g,s) > )\}

admits a finite covering Ulel 3Q%T, D Ex g with tents QT -disjoint tents T = T(z1,&,51) cen-
tered at points (x1,&,s1) € Ex R.

Proof. Introduce the relation < between points of X such that (z,€,s) < (2/,£,s") if Bgs(z) N
Bgs(x') # 0, s(§ —¢') € © and ¢’ > Qs. We say (z,&,s) is maximal in a set P C X if there is

o (2',¢,s") € P such that (z,£,s) < (2',£,s"). Notice that Ej g is (z,t)-bounded in the sense
that for some C > 1 large enough

E)\’R C Bc(O) x R x (O,C)

holds. As a matter of fact M} (y,n,t) < (Rt)*1||a||L1(lT/) and M} (y, n,t) = 0 if dist(y; spta) > tR
soif (y,m,t) € Ex gthent < C and |y| < C for some C' > 0 depending on a. Thus any non-empty
subset P C Ey r admits a maximal element.
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Inductively construct a covering starting with an empty collection of tents 7° = (). At the [*P
step consider the points in the set

Exr\ |J 3@°T (2.64)
TeT!-t

and select from it a point (x;,&,s;) that is maximal with respect to the relation < and set
and 7! = TV U {T(21,&,51)}. We claim that at each step of the algorithm all the selected
tent T'(x;,&, 51) are pairwise QT -disjoint. Reasoning by contradiction, suppose that two tents
T(x1, &, 51) and T'(xp, &, sp) with I < 1" are not QT -disjoint, then Bgs, (2;) N Bgs,, (1) # 0 and
there also exists a ¢ € R such that s;(§, —c¢) € ©F and s (£ —c¢) € ©F. Recall that OF = [0, "]
S0

&—stat <e<g & —sptat <e<g
If s;y > @)s; one would have
—5'Q 7T < —s;tat <G & < s7tat
and thus s;(§,— &) € © aslong as a™ < —Raloﬁ. This contradicts the maximality of (x;, &, s;)
that was chosen before (z;/,&, s;). On the other hand if sp < Qs; then
s ot <G - <sptat

and, as long as Q > Ro > o™, this implies that (z;, &, sir) € 3Q*T (x1,&;, s1) contradicting the
selection condition.

Finally notice that the selection algorithm terminates after finitely many steps since at every
step holds having chosen ) > R, since s; are bounded from below since M}}(ml,{b s1) > A

Thus By € U, 3Q°T;. O
A consequence of the above Lemma are non-iterated bounds for MJIQ.
Proposition 2.20. Given a € LP (I"') with p’ € (1',00] the bound

||ME”LP’(S°°) SR ”aHLP’(lT') (2.65)
holds. Furthermore the weak endpoint bound

HMEHLT’M(Sw) SR ||aHLT'(lT') (2.66)

holds. All the above bounds hold with a constant that grows at most polynomially in R as R — oo
and is independent of the stopping sequence ¢ appearing in (2.62]).

The bound (2.65)) for p = co is straightforward:

M7 (y,n,t) = ]im(y) (Z lar(2)|" Lo+ (t(n — Ck(Z)))) s

keZ

o= =Y r
S/RZW(ZN t1p, <t> dz S flallw g

kez

It is sufficient to show bound (2.66) so that will (2.65) follow for p € (r',00) by interpolation
In particular to obtain (2.66|) we will show that given A > 0 the bound on the measure of

the super-level set

:U(E/\,R) /SR AT ||a||27‘/(l7‘/) (267)
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holds. It is sufficient to consider the covering provided by Lemma [2.19] with @ = R. Since
(w1,&,81) € Ex g and the covering T = T = {T(z;,&, 51) }1eL consists of QT -disjoint tents, the

bound ([2.63) gives

~

Z 2R 1||a||Lr (lr/)'

Since Ex g C UlL:1 3R3T(x1,&,51) one deduces

L
N(E)\,R) Z ( glvxhsl é Z

=1

Hallr [

where the implied constant grows polynomially in R as required.
The proof of relies on a locality property and a strip projection lemma.

Lemma 2.21 (Locality of M%). Consider a strip D = D(z,s) and a function a € LL (I") with
dist (spt a; Bs(x)) > Rs
then for all (y,n,t) € D(x,s) we have
M 1p(s,s) = 0.

Proof. The statement follows directly from the definition (2.62) of the embedding. As a matter
of fact if (y,n,t) € Dy s then Big(y) C Bsr(y) and Bsg(y) Nspta = 0. O

Lemma 2.22 (Mass projection for M%,). Fiz any collection of pairwise disjoint strips D((m, Tm),
m € {1,..., M} and any finite collection of Q*-disjoint tents

=

T(z1,&,8) ¢ | ) D(Cmy3Tm), le{l,...,L}

m=1

with @ > 2R > 2. Given a function a € Lloc(lr/) and a stopping sequence ¢ there exists a function
ae Ll (I") and a new stopping sequence T such that

la(2)ll ][ « lla(z)l;dz Vz € B, ((m) Vme{l,...,M} (2.68)
m (Cm Ny
aj,(2) = ag(2) vz ¢ | Br,.(Gm)
m=1
and
MQR((EZ,&,SZ) > M (xl,fl,sl) Vi e {1,,L} (269)

where M;R is the embedded function as given by expression (2.62) associated to a with the stopping
sequence ¢ .

Proof. Let us order the tents T'(x;,&;, s;) so that & < & if I <1’ . For every strip D(Cpm, Tm) let

L, = {z € {1,...,L}: D(x1, Rs)) N D(Cony 7)) 7 @}.
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Set
ai(2) ifz¢ U B, (Cm)

1 if 2 € By, (Cm)
= f, (S o (o) oSS

jeZ

it z€ B, (C(m)

0
and k ¢ L,,

w(z) if 2 ¢ | Br, (Gm)

(z) = &k if ze B;, (¢m) and ke {l,...,L}
& k<1
L k> L.

The expressions above are well defined since D((p, 7r) are pairwise disjoint.
The bound (2.68)) follows by the Minkowski inequality. For z € B, _ (() one has

’

Lnt r’\ 1/7'
l[a(2)[]; = (Z <]€3 © (ZWJ 1e+ sz(fk—cj( )))) / dz> >

kezZ jeEZ
/7'
St (E el e (ala—aE) e f el
Br (Cm) kel jez By, (Gm)

where the last inequality holds since the tents T'(z;,&;, s;) are Qt-disjoint.
It remains to show (2.69). Since T'(z;,&;,81) € D(Cm, 37m) for any m we have that

BRsl (xl) N B’rm (Cm) 7& ) = D(Cﬂme) C D(xla 2R3l)
so set
m; = {m: D((my,™m) C D(xl,QRsl)}.

Using the definitions of @ and ¢ we obtain

/7'

W (o, 1.0) = £ oy (E @G 0 (e =) e

kez

1/r'
Z 4Rs _1/ a 1 S f P dz
(i) Brey (@)\U,, Brom (Cm) (Z' k( o+ (s1(& — il ))))

kez
4RS[ Z / Z |Clk | 1@+ Sl(é'l gk))>1/r dz.

mem, ¥ Brm (Cm) " kel

Using the fact that T'(z;,&;, s;) are QT -disjoint with @ > 2R we obtain that s;(§ — &) € O7,
2 € B.,, (Gn), and ag(z) # 0 only if k = [; thus

Z |ak(Z)‘T/1@+ (Sl(fl - fk)))l/T/dZ = Z / a(z)dz

mem, ’ Brm (Cm) keL,,L mem, ¥ Brm (¢m)
/7'
=Y [ (Eeer e (e -5e) as
meM,; B (Cm) Jj€EZ
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This allows us to conclude that

M5 (21, &1, 80) 2 ]éml(m (Z lag(2)]" Lo+ (si(& — Ck(z)))>1 dz = M (21, &, s1).

kez
O

We now have all the tools to prove (2.60|) for M;. We proceed by interpolation, as described in
between the four (weak) endpoints

(r',q) € {(00,00), (00,77), (1,00), (1,7")}.

Proof of bounds (2.60) for ME.
The bound for (p', ¢') = (00, ) follows directly from (2.65) with p’ = oco.

The bound for (p/,q’") = (00, r’) follows from the locality property We must show that for
any strip D(z, s) one has

||M§1D($,S)||2r’,OO(SOC) rSR V(D(I, 5))”(1”200([7")

but due to locality and (2.66) we have that
||M]-;1D(z,s)||2r’,oo(soo) S,R ||alesR(JJ)||TLr/(lr/) SR 5||a‘|£oc(l7‘/)

as required.
The bound for (p', ¢’) = (1, 00) makes use of the Mass Projection Lemma We need to show
that for every w > 0 there exists K, C X such that

v (KUJ) SR w_1||a||L1(lT/) HME 1X\KW 1D(z,s)HLoc(Soo) S w.

for any strip D(z,s). Let K, = {z € R: M(||al|;»)(2) > w} where M is the Hardy-Littlewood
Maximal function (2.25). The set K, is open and in particular is a finite union of intervals

Ko =UM_,B. (Cn). Let

m=1
M M
K, = U D(Cm, 9Tm) = v(Ky) S Z 2Tm = |Ku| W_lllaHLl(l"")
m=1 m=1

by the weak L' bound on the Hardy-Littlewood maximal function.
For any tent T(y,n,t) ¢ D((m, 37m) apply Lemma with respect to the the strips
(D((m, 3Tm))me{1 M) and the one tent T'(¢, x, s). By construction we obtain a function a such

that [|af e ) S w. Using the statement of the Lemma and bound (2.65) we have

ME(ya 7, t) S M;_R(ya 1, t) zSR ||aHL°°(l7") 5 w

as required.
The proof of the case (p',¢") = (1,7') goes along the same lines. Let us suppose, without loss of
generality, that a € C2°(I" )We need to show that for every w > 0 there exists K, C X such that

’

v (Kw) S/R wilnaHLl(lr') ||ME 1X\KW 1D($,S)H;r’,oo(sao) S V(D(:Ev 5))wr .
Choose Ko, = UM, D(Gn, 97m) as before. Let A > 0 and set

m=1

Exr=ExrN(D(x,s)\ Ky) Exr={(y,n.t): ML > A}.
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The Covering Lemma can be applied to Ey r with @ > 2R sufficiently large yielding a
covering (T(xl,&, Sl))le{l L} such that U1L:1 3Q%T (x1,&1, 81) D Ey g with the tents T'(z;, &, 51)

that are pairwise QT-disjoint. Now apply the Mass Projection Lemma with respect to
the strips (D(Cm730m)) and the tents T'(§;, 21, 81)1eq1,...,.}- The resulting a satisfies

Ha”Lw(l"") < w while

yooay

me{l,...,M}

M;R(xlafh Sl) Z M};(-Tl,gl, Sl) Z .
Using the bound (2.63)) and the locality property we have that

L

w(ExR) SR st SN AL, nw) (e gy S sw” AT
=1

This concludes the proof. O

2.5 Proof of Theorem 2.3

In the previous section the bounds (2.60]) were shown to hold for the auxiliary embedding M. To
prove Theorem [2.3|it is sufficient to show that the values of M control || - ||s,,. More specifically
we require the following result.

Proposition 2.23. Given any union of strips K and a union of tents E such that

M(y,n,t) < A V(y;n,t) € X\ (KUE) (2.70)
the bound ||Alx\ (xur)lls, S A holds.

Assuming that the above statement holds, Theorem follows by the monotonicity property of
outer LP sizes B.111

The above proposition follows from showing that the required bound holds for all local sizes:
IALx\ (kuE)lls,, (1) S A The proof is divided into two parts relative to showing L'-type bounds
over T and L) type bounds over T(®) (see (2.42)).

The former part uses crucial disjointness properties related to the conditions on the trun-
cated wave packets.

The latter part depends on the fact that the sizes over a single tent T resembles an L? estimate
for variational truncation of the Hilbert transform or of a square function in the spirit of [JSWO08].
We will elaborate on this variational estimate in Lemma in the following part on technical
preliminaries.

The proof also involves a crucial stopping time argument. Similarly to the rest of the paper we
avoid discretization and formulate a continuous version of this argument that we isolate Lemma

B27 below.

2.5.1 Technical preliminaries

The following variational truncation bounds are a slightly modified version of the results appear-
ing in [JSWO8|.
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Lemma 2.24 (Variational truncations of singular integral operators [JSWO08|). For any function
H € L*(R) and o € [0,00) let us define the variational truncation operator

1/r
VIH(z) = sup <Z |H x Yy, (2) — H Ty, (z)|r> (2.71)
k

o<t < <t <
where
T e S(R), / Y(2)dz =1 and Ty(2) =t T (;) .
R
If r > 2 and for any p € (1,00), above operator satisfies the bounds
IVeHllLe Srp [1H| Lo (2.72)

and if 0 > 0 then

VIHG) S0 f M) () (2.73)
B, (z)

where M is the Hardy-Littlewood mazimal function. The implicit constants are allowed to depend
on Y.

We record some useful properties of so called convex regions of tents.

Definition 2.25 (Convex regions). A convez region of a tent is a subset Q C T(x,&,s) of a tent
of the form
Q= U Qo= {(y, £+ 0t t) € T(x,&,5): t > 09(y)}- (2.74)
0co
for some function og(y) : © x Bg(x) — [0, s].

Given any tent T € T, any collection of strips D, and any collection of tents 7T, the set

Q:T\(UDU UT)CT

DeD TeT

is a convex region of the tent 7. With the next lemma we show that the bound (2.70)) on a
convex regions can be extended to larger regions with scale bound ¢ that is Lipschitz in the
space variable.

Lemma 2.26 (Lipschitz convex regions). Let T'(x,{,s) € T be a tent and Q = (Jyce Qo C
T(z,€,s) be a convex region as defined in (2.74) and let us fiz a constant L > 2. For every 6 € ©
such that the bound

M(y7 7, t) < A v(yv m, t) € QG
holds for Qg = {(y,&+ 0t~ t) € T(x,&,5): t > og(y)} # 0
there exists a Lipschitz function ¢ : R — RT with Lipschitz constant L= < 1/2 such that

min (2s; L™ " dist(y; Bs(z))) < Go(y) < 2s Vy €R (2.75)
ao(y) < oo(y) Vy € Bs(z) (2.76)

and

sWs(x — y)M(y, & + 91571,15) <r A Yy € R, t € (da(y), 3s). (2.77)
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Proof. Fix 6 € © such that )y is non-empty and let us drop the dependence on 6 from the
notation by simply writing o(y) in place of og(y). Let us set

&(y) := min (2s; g(y)) with g(y) = y/eig;f(x) max (a(y'); v _Ly ‘) (2.78)

Clearly, this defines a function on R such that conditions (2.75) and (2.76) hold. The defined

function is L~!-Lipschitz. It is sufficient to show that o is L~'-Lipschitz: for any y € R and
e > 0 there exits y' € By(x) such that

30 2 (14 &) max (o) P72

and thus for any y” € R one has

. "o ) " _
5(y") < max (U(y/); |y yl) < max (U(y,); ly yl) i ly" —yl

L L L
< (1+e)a(y) + M
Since € > 0 was arbitrary and one can invert the role of ¥ and y in the above reasoning we

obtain that |§(y") - g(y)| < WTfyl as required.

Let us now check that (2.77)) holds. Suppose that y € R and ¢t € (6(y), 3s]. Let us distinguish the
cases t € (o(y),2s) and ¢ € [2s,3s). In the first case there exists y' € Bg(x) and ¢’ € (09(y'), 8)
such that ¢’ € (¢/2,t) and |y — y'| < 2Lt and thus it follows that |x — y| < 2Ls. It follows that

Wiz —y) SL Wiz —y') SWe (2 — ) VzeR
thus  sWi(z —y)Wi(z —y) S We(z —9) Vz €R

In the case that ¢ € [2s, 3s] there also exists y' € Bs(z) and t' € (o¢(y'), s) such that ¢t € (¢/2,t)
since Qg # 0. It follows from (2.78)) that |y’ — y| > 2Ls so |z — y| =L |y’ — y| so for all z € R

sWalz —y)Wilz —y) S sWaly —y)Walz —y) S We(z = ).
Thus, since in both cases (y/,& + 0t'~1,t') € Q we have by the definition of M that
sWi(z —y)M(y, € +0t71,1) S My, €+ 087 1) <A
as required. O

The next technical lemma will be used as a continuous stopping time argument. It relates
the Lipschitz assumption on enlarged convex regions of the previous statement with a crucial
measurability estimate.

Lemma 2.27 (Continuous stopping time). Let o : R — RT be a Lipschitz function with Lipschitz
constant L= < 1. Then the function

0o (2) == /R %(x)lgaw(z —z)dx

—1
satisfies (1 + %) < ps(z) <14 % and in particular for any non-negative function h(z) the

/ h(z)dz %L/ ][ h(z)dz dz.
R R J By(ay (@)

bounds

hold.
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Proof. Since o is L™!-Lipschitz, for any z € R we have that

B 1160 (2) S {z: 2 € Bo(a)(®)} € B_p-1)-1,()(2)-
By the same reason on {z: z € By (,)(x)} we have that

-1

(1+ Lil)_1 o(z)<o(@) < (1-L7") a(z).

The conclusion follows. O

2.5.2 Proof of Proposition [2.23]

Let T = T(z,£,s) be a tent and suppose that K and E are as in Since the statement of
Proposition is invariant under time and frequency translations, we may assume, without
loss of generality, that T is centered at the origin i.e. T =T(0,0,s). If T\ (K U E) = () there is
nothing to prove. Let us set

0. ={0€0:3(y,0t 1) € T(0,0,5) \ (KUE)},
o :=e®Wne, o =0 ne..

For 6 € ©,, using Lemma we may assume that there exists a L~!-Lipschitz function oy :
R — (0,2s], with L > 4 sufficiently large to be chosen later, that satisfies condition (2.75) such
that

sWe(y)M(y, 0t 1 1) < A Yy €R,0€0,te€ (o(y),3s). (2.79)
Let us set Q = Jyeo o, 29 = Upcom D, and Q) =y g Qo with

0 — {(y,0t™,t) € T(0,0,5): t > 0(y)} 6 €O,
7o otherwise.

We need to show that

1A L\ (kup) lls,. () < A Lalls,, ) S A VI'eT
or equivalently (see (2.42))) that
A Lo llsrrmy S A [ALolls2(r) S A

In this proof all our implicit constants depend on the choice of L.
Let us fix a choice of left truncated wave packets Wy~ %" (2) in the defining expression (2.14). We
will show that the statement holds in this case. The proof for right truncated wave packets is

simmetric.

Comparing the definitions (2.14]) and (2.59) for A and M respectively, it follows from the bound

\I/;’j,(]ft)"Hl(Z)(z)‘ < Wi(z —y) that

A(y7777 t) 5 M(yan7t)a ||AlQ||S°°(T) = sup A(y7777t) 5 A (280)
(y,m,t)EQ

This implies

1 1
Z A 222 .81
Momea 0P S3L A ldydnde (2.81)
n<0 n<0
and thus we may assume that o= = = < 0 < 8+ < a™ and we can reduce to showing
||A 19(7:) S1(T®) ,S A ||A 19(2) 52(T(®) 5 A (282)
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Proof of the first inequality of ([2.82)

It holds that

A Lo (g1 () = /// / E ar(2) 0y, Z) “h+1(2) (2)dz| dydndt
Q@ |JR ez
/ / / / lay. (= \“I’ s () dzﬁdde
peolV yEB; Jt=0g(y) Jz€ER kez Y

According to The wave-packet \Ilck(gt)f’“t“(z)( ) vanishes unless 6 — tc;(2) € B(d) and

tep1(z)—60 > d’. Since § € ©) C [~d', d—¢], the integrand vanishes unless ¢, (2) < 0 < cxy1(2).
Let k; € Z be the index, if it exists, such that this inequality holds and set a*(z) := ag:(2),
c*(2) = ¢p=(2)(2). If no such index exists simply set a*(z) = 0.
Using that given ¢t < s and y € B, one has

Wi O ()| S sWa2) EWalz = 9)? < Wiz — )

y,0t— 1.t

and using the statement of Lemma [2.27] we have that

Ateolseanss [ [ [ /'f 2)sWa(2) Wiy — 2)?
0c0) JyeB, Jt=04(y)JzeR zEBae(l)(r)

dt
x Lp.@)(0 — te*(2))dzde —dydf = T+ 11

/ / ][ / Wi(y — 2)dy
0c0) JzeR zEBc,g(L)(ac) t=(1—2/L)oq(x) JyeB,

X 1p_(a)(0 — tc*(z))% dzdzdd

(1—-2/L)oe(x) )
- ] /' F ol w w2
6c0l JzeR JyeB, Jt=04(y) 2€Bo g (a) (2)

de
X 1p.(a)(0 = te"(2))dz —~dydzdd

where

Suppose that L > 2;::;:5 so that for any ¢ € R one has

= 0 —op(x)c € O. (2.83)

0 —tc € B.(d)
t>(1—-2/L)og(x)

We begin by estimating the term I. Notice that if |z| > 2Ls then integrand vanishes. We bound
I by the auxiliary embedding map (2.59) as follows:

dt
55 / / f / 1p, (a)(0 — tc*(2)) - d=dadd
0c0' Joer zeBge(z)(z (1— 2/L)09(I) t

-9
S wene 0= awae)n (T dasa
06@(1) xEBor s 09(1)(93 ﬁ -0
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1 BT — 0+ 3¢
<z M(z, 6 -1 deln[ 52— 1)doe <
/9@/3 (z, 000(z) ,aa<x>>xn( e ) <

The last inequality holds since (z,80p(z)~1, 09(x)) € Qp and follows from (2.79).
We now estimate the term II. Notice that

(1 =2/L)og(x) > 09(y) = [z —y| > Llog(z) = 06(y)) > 206() (2.84)

Thus if z € B,, ) (z) then |y — z| > og(x) > ¢, |[v — y| = |y — 2|, and also sW(z) < sW(z) so

(1-2/L)og(x)
nsf fwa [ [ 1 Wiy~ )
0€0e.” JxerR yEB: Jt=04(y)

X f la*(2)| Wiy — 2) 1p_(a)(0 — tc*(z))dz%dydmd&

By (z) (@)

</ / (@) (1-2/L)og(z) 4 ( M . )dt
= W(x / / Wiy — x)M(y, 60t t)—dydxdé.
0eel” Jzer yEB, Jt=04(y) 209() ' t

Since the inmost integral vanishes unless |y — x| > 20¢(z), we have that

(1=2/L)og(z) 4 gt 3
Wily —z)— < W, _
/t—oe(y) 204 (x) iy —7) o~ oo(@) (Y — )

and so using (2.79) we obtain
11 S/\/ ) / Ws('r)/ Woe(w) (y - x)dydx de
0c0'’ Jzer yEB.

g,\/ / Ws(x)dzdd S A
9c0 JzeR
This concludes the proof for the first bound of ([2.82)).

Proof of the second inequality of (2.82))

As noted in ([2.81]) we may suppose that ©(¢) = [T, at); for ease of notation set Q) =qnTE
so the required quantity to bound becomes [[Alg) |ls2(7)). We concentrate on showing the
dual bound

h

/ (y,m,t) Z ak(2) 0, ,7 v et (2) (2)dz dydndt| <
Rkez

for any h € C>(Q(¢)) where the || || 2 is the classical Lebesgue L? norm relative to the measure
dydndt. A change of variables and the Minkowski inequality give

/h(yﬂ?a /Zﬂk v ck“(z)( )dz dydndt
X

kezZ

/ Z lax(2)] ‘//Q( ) h(y,n, t)\I/;’f,(]i)’ck“(z)(z)dydndt‘ dz

keZ
t_19t Ck(z)yck+1(z)( )d dt
yEB,Jt= ae(gi yet%’t T

St
/9€®<e) /R |

keZ

dzdo.




2.5. Proof of Theorem lﬁ' 67

On the other hand the Holder inequality gives that

S

dt\ 3
Wy, t=0,¢ 6= ( h(y,t=16,1)2dy )d9
/ o R0 / » / )

t=09(y)
5 ||h(yv , t) ||L2

where || - || L2y aese, is the classic Lebesgue L? norm with respect to the measure dy— Thus (2.85))

follows by showing

s z z dt
/ 3 Jax(z) / / h(y, t=20, )0 )0 @) )4y S ds (2.86)
Riez yEBsJt=09(y) v ’ ¢
h(y,t=10,t)
I 70l
~ 5172

with a constant uniform in 6 € @SF). For sake of notation from now on we will omit the
dependence on 0 by writing
h(y,t) := h(y,t=10,t) Vo (2) =0 (2) o(x) := op(x).

y,t y,t—10,t

Using the above notation and Lemma
we write

e

kez

1 / ][

i |ag(2)
S JzeByyr, 2€ By (a) () k%;
ot

——— lax(2)]
8 Jz€eR Jz€B, (4)(x) 1;

We start with bounding I. Suppose that L > 1 is chosen large enough so that (2.83)) holds and
recall that \I/;’ft(z)’c’““(z)(z) = 0 unless 6 — t¢y(z) € B:(d). We thus have

- dt
/ ][ |ﬂk / / Y.t Ck( )sCrt1(2z )( )dy
z€Bars Y 2€EBo(g) (T) kez yEB

= 1—7)U(I

/JceBZL ][ Z lax(2)]" 1e(0 (x)c;c(z)))l/r Ho(2)dz dx

U(L)(JC) kezZ

Sf/ M(z,00(x) "' o(z)) sup He(z)dz < 2/ sup H,(z)dz,
r€Bars T

S ZGBU(I> (z) GBQLSZGBO'((L‘)(I)

rN 1/7
] /h ‘““““”Uddt)/'
yEB

t=(1—%)o(x)

; dz ST +11

|, [
yEBsJt U(y)

By, )Wy )dyd

y§£€172/L)a (2)
(1-2/L)o ()

/ / h(y, )W r 3 >dyd
yeB,

t=o(y)

where

dzdzx

dzdx

dzdx

where
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We claim that

) o ot
Ha(2) S Vo) Hs(2) + Eo(2)(2) / / h(y,t) \IIO h (z)dyT (2.87)
t=0 Jye B,
. " 1/2
Evte)(2) = ( / |h*<z,t>|2t> W (ert) = [ Jhla. O3z — )y
(1-2/L)o(x) R
with V;(I) defined in Lemma and that
I€ollze S Ikls, ., W S Sf &l (2.89)
v ZEBU(w)(ﬂC) Bga(l)(z)
| Hsllzz < ||z - sup  Hy(z)dx §][ MY"Hq(z)dz. (2.89)
(dvar/) 2€B, (2 (%) B (a) ()

This would provide us with the required bounds for I. As a matter of fact, according to Lemma

227 and -24] we have that
T‘ >\ s
152 (MY Ho(2) + E0(2))dz Sr 175 (IMV Hllg2 + [1€0(2)]12)

IEBZLa BQ(’(T)(Z

A Ihllzs, .
S 7 (IH@lee + 166(2)12) $ A——1552

as required.
The first bound of (2.88]) follows by the Young inequality and Fubini:

2 dt
leolls < || [ Intwniwa - | 0=
RxR*
< [ [nwopar ([ wic-nan) Ll

The second bound follows from the fact that for small enough € > 0 and as long as |z — 2/| < et
the bound

|h*(2,t) = h* (2, )] < /R |h(y, t)[|Wi(z —y) — Wi(2" — y)ldy
< 2_100/ |h(y, t)|Wi(z —y)dy = 2_100h*(2,t)
R

holds so similarly

Eo(2)(2) = Eo(a) (2)| £ 27108, 1) (2)

as long as |z — 2’| < eo(z) for some sufficiently small € > 0.

foooaerzf
Bo(a)(2) B

and the claim follows.

Eo(a)(2)d2" 22 ][ Eo(n)(2)d2" = Eq(2)(2)
( ) so(z)(z)

o(x)(Z
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The first bound of (2.89)) uses standard oscillatory integral techniques: notice that for ¢ > ¢’ one
has

‘/ yt(2) ¥y dZ‘< LWy —9)

! !
/ H ()P (2) <2 / / / / . DIh(y )Wy — o )dydy' & 290
t=0Jt'=0 JyeB, ttt

S Nl
It remains to show inequality (2.87). Notice that

(ayat/e)
5 1/r
-2 / y )/ p WOy S|
kez Jt Y€ B
where for k € Z we set

£ (2) = sup {t € (1 —2/L)o(x),s): W)y 2 o} (2.90)
tr(2) = inf{te (1 —2/L)o(x),s): T on (g );eo}

We have omitted writing the implicit dependence on z € R and we will simply ignore the indexes
k € Z for which the above sets are empty. Notice that the intervals [t (2), t} (z)) are disjoint.
According to the conditions (2.17) on the geometry of truncated wave packets the following
bounds hold:

SO

The second bound follows directly from Lemma

t(2)ex(2) € B-(0 — d) ty (2)eps1(2) > 0+ d. (2.91)

Using the smoothness conditions (2.15) on the wave packets and writing a Lagrange remainder
term we have that

s ) - w2 < (Jter(2)] + max (@ = 0 — tey 1 (2)50) )Wily — ) (2:92)

y,t

so the bound

Hay(2) < Hy1(2) + Heo(2z
t (Z oo dt |\ 1/r
=(ZIf_, [ rwovi=ews])
kez  JYEB. tt(z)
, 1/r
= (Z |Ht;:(z)(z) - Ht;(z)(z)l )
kez
dt i\ 1/r

Hoo(2) = ‘/ ) (e ()| + max(d” — 0 — teg41(2),0)) 5| )

kez Ut (2)

holds. Notice that
th(2) dt ++ 2

5 e oppdt < OB o,
t(2) t 2
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t (=) a0 @ U
/ max(d"fﬂftck_kl(z);())?g/ - _/ 7<Cd dat,p+
t]: (Z) t ck+1(z) d’'+6

for some constant C+ and Cy 4 o+ g+. Since r > 2, Cauchy-Schwartz gives

wE o dt :
Hoa) < (X [ w2 ) S )
kez ’ti (2)

This is consistent with (2.87). To estimate H, 1: introduce a frequency cutoff T € S(R) such
that

T € C=(Bgys) T>0 T =1on By Yo(2) =0T (f) :
T
According to (2.16)), \Ilg 20 is supported on B;-1,(t~'0) so one has the following
0 0o Lt 04D
Wy Y (2) = Wy (2) if — > ——
t 60-b
0,400 _ .
Wy« To(2) =0 if P e
6—b t 040D
0+ .
‘\I/y,too*TT(ZH,SWt(Z—y) 1f9+bS;<T
Thus
TR Lt
’H H*T()‘< h*(z,6) S
rizb t
o
NOES dtry +
2) < (Z|HS*T¢(Z)—HS*T7(Z)| Z‘/ h*(z,t)7 )
kez ' kez Ut ()G

te ()5 dt |\
(X2 / L, PenT )" Vi Hal2) + ) (2)

kez

thus concluding the proof of and the bound on the term 1.

The estimate for the term I1 can be done in a manner similar to the term I7 in for the S* part of
the size. Recall so that in expression for 11 one has that z € By, (z), [y — 2| > o(x) > t,
and |z — y| ~ |y — z|. We also have that y € By so

W0 O () < S, (@) W (2 — )2

and \Ilc’“(z) er1(z )( ) = 0 unless tex(z) < 0 < tegy1(2), thus
(1-2/L)o(x)
sy _owe [ [ Ty own S )
yEB, Jt=0(y) Bo(a)(#) pez

— dt
x 1g(0 — tep(2)) Wi(z — y>1(tk(z),tk+1(z))(t 19)dz?dydx

/ / /(1‘1, Q/L)O'(.E) t ( ) ( )
Wiy — x)h(y,t
yEBs Jt=0(y) (.f) !
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, 1! dt
x / ( S Jan(z)]" Lo (6 - tck(z))) Wiy — 2)dz —dyda
Bo(z)(®) ez t

<[ w BT oh oMt
< Ws(x / / Wi(y — x)h(y, t)M(y, 0t ", t) —dydx
z€R yEB, Jt=0(y) 20’(3)) ' t

Since the inmost integral vanishes unless |y — x| > 20¢(z), we have that

(1=2/L)oe(z) 4 odty 1/2
— W _ _ < W _
( /t—ae(y) | 20(x) . x)| t ) ~ o) =2

it follows that

dty1/2
| ww [ Weww-o( [ nwopF) d
z€R yEB; t=0

S

) 1/2
<\ - Ws(x)M((/t=0|h(-,t)| %) >(J;)dx
</\Hh||L2

(dydt/t)
~ sl/2

This concludes the proof.

2.6 The energy embedding and non-iterated bounds

2.6.1 The energy embedding

Here we comment on how to deduce Theorem from the result in [DPO15]. Let us fix a p €

(1,00] and ¢ € (max(?;p’), +oo] and without loss of generality let us suppose that fe C(R).
We will show that the weak versions of (2.11)) holds i.e.

[FllLeoacs.) S Il ee- (2.93)

By interpolation this would allow us to conclude the strong bounds of .

The paper [DPO15] deals with embeddings into the space X that they denote by Z. The gener-
ating collection of tents that they make use of is described in Section 2.1.2 of that paper. Notice
that the set of geometric parameters for the tents in the present paper (Section is larger than
the one in [DPO15| but a careful perusal of the proofs therein shows that the same statements
hold for the extended range of parameters.

Let us recall the main statements from [DPO15|.

Theorem 2.28 (Theorem 1 of [DPO15]). Let f € S(R) with fe Cee. Letp € (1,2) and consider
the set Iy xp of mazimal dyadic intervals contained in

Kixp={r €R: M,f(z) > A} and let Kiap:=|J D(37). (2.94)
BT(C)GIf,A,p

Then with g € (p', 00].

1F L g0, a5,y Saw AP/ FITE
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We used the super level set of M, f instead of the super level set of M, (Mf) to define Ky » p.
As mentioned in section 7.3.1 of [DPO15|, the inner maximal function appears only in the
reduction from the case with f compactly supported to the case with a general f € S(R). By
our assumptions we can effectively ignore this complication.

Proposition 2.29 (Proposition 3.2 + equations (2.6) and (2.7) of [DPO15]). The estimate

dist(spt f; Bs(x N
IF 1p(z,s)llzacs.) Sng (1 + (ss()) I f1 a

holds for all N > 0 and q € (2, ).
Lemma 2.30 (Equation (7.3) of [DPO15|). The estimate

inf M

S

I (] St S t —-N
D(z,s oo I p ;BS

holds for any N > 0.

Corollary 2.31. Suppose that spt f N Bas(z) = 0 then

dist (spt f; Bs(z)) ) N sTHP|| £ e

||F1D(a:7s)||L‘1(Se)Sil/q SNJJ <1 + s

forallp€[1,2), ¢q>p', and N > 0.

Proof. If spt fNBag(x) = 0 then inf,cp_ () M f(2) S 571 f]|L1. Using this fact and interpolating
between the bounds from Proposition [2.29]and Lemma[2.30] we obtain the required inequality. O

Fix p € (1,00] and ¢ € (max(p’;2), 00| and let p € (1, min(p;2)) such that ¢ > p'. We will now
show that

[ EFLx\xs 5 5 llBa(s.) S A (2.95)

Since V(K¢ x5) S AP f]|7, this would prove ([2.93)).
Let us consider a strip D(z, s) € D and suppose that D(z,s) ¢ Ky »p, otherwise the estimate is
trivial. We have Bss(z) ¢ Kf2p. For an N > 1 large enough to be chosen later let us set

f(z) = fo(z) + ifk(m) = f(z)v(x ;81'0) + if(xh <95:321\9’C’S)
— k=1

where (-) = v(-/2¥) — v(-) with
v € C°(Bs) v >0 v=1on Bj.

Let Fj, be associated to fi via the embedding (2.6) and let Ky, 15 be as in (2.94)).
Since K, x5 C Ky 5 we have that || fo| pzs~ /7 < A and

150 I\ ks 2 5 LD (,s) lLa(s0) S NP4 fol[Pra < Ast/a (2.96)

by Theorem [2.2§]
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Since Ky, x5 C Kjap B Bss(z) one has || frl|zr < Av(D(x, 5))/P2N*/P and by Corollary
we have that

1F% Ix\ kv 1D(s) s, )s /T S 272NRNVR/PY < 97Nk ) (2.97)
By quasi-subadditivity we can add up (2.96]) and (2.97)) to obtain

I F Ix\k; ., 1D(x,s) lLags.)
v(D(z, s))/a

<A
Since D(z, s) is arbitrary this implies (2.95)).

2.6.2 Non-iterated bounds

We conclude by explaining that for r € (2,00] and p € (2,7) and simpler embedding bounds on
the maps f — F and a — A are sufficient to prove boundedness on LP(R) of the Variational

Carleson Operator (2.2) and thus also (2.1]).

Hereafter we work with the non-iterated outer measure space (X, ). The energy embedding map
satisfies the LP bounds

1E N Lrsoy S Ifllze p € (2,00]. (2.98)

This follows directly from Proposition by taking s arbitrarily large.
Similarly, in Proposition [2.20| we have shown that the auxiliary embedding satisfies

IMIl Lo ¢,y < Nlall Lo oy p' € (r, 00, (2.99)
and thus, by Proposition we have that the variational mass embedding also satisfies such
bounds:

A Lo (5, S Nlall Lo oy p' € (1,00 (2.100)

It follows by the outer Hoélder inequality [2.7] that
R e v R L PR P

Using (2.98) and (2.100) and the wave-packet domination ([2.13) it follows that (2.2)) is bounded
on LP(R).

In conclusion we remark that the iterated outer-measure LP spaces that were introduced provide
an effective way of capturing the spatial locality property of the embedding maps. Both the proof
of Theore and of Theorem rely on first obtaining non-iterated bounds (see Propositions

and [2.29) and then using a locality lemma (see Lemmata and ) and a projection
lemma (see Lemma and Lemma 7.8 of [DPO15]) to bootstrap the full result.
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Chapter 3

Positive sparse domination of
variational Carleson operators

Life, as we know it, is based on L2.
-F.D.P.

This Chapter contains the paper [DPDU16| Due to its nonlocal nature, the r-variation norm Car-
leson operator C;. does not yield to the sparse domination techniques of Lerner [Lerl6; [Ler13],
Di Plinio and Lerner [DPL14], Lacey [Lacl7]. We overcome this difficulty and prove that the
dual form to C, can be dominated by a positive sparse form involving LP averages. Our result
strengthens the LP-estimates by Oberlin et. al. [OSTTW12]. As a corollary, we obtain quanti-
tative weighted norm inequalities improving on [DL12a] by Do and Lacey. Our proof relies on
the localized outer LP-embeddings of Di Plinio and Ou [DPO15| and Uraltsev [Ural6).

3.1 Introduction and main results

The technique of controlling Calderén-Zygmund singular integrals, which are a-priori non-local,
by localized positive sparse operators has recently emerged as a leading trend in Euclidean Har-
monic Analysis. We briefly review the advancements which are most relevant for the present
article and postpone further references to the body of the introduction. The original domination
in norm result of |[Ler13| for Calderén-Zygmund operators has since been upgraded to a pointwise
positive sparse domination by Conde and Rey |[CAR16| and Lerner and Nazarov |[LN15], and
later by Lacey [Lacl7] by means of an inspiring stopping time argument forgoing local mean
oscillation. Lacey’s approach was further clarified in [Lerl6], resulting in the following principle:
if T is a sub-linear operator of weak-type (p,p) and in addition the maximal operator

f = QcRSEEerval HT(flR\SQ)HLoo(Q) 1Q (3'1)
embodying the non-locality of T, is of weak-type (s,s), for some 1 < p < s < oo, then T is
pointwise dominated by a positive sparse operator involving L® averages of f.
The principle (3.1) extends to certain modulated singular integrals. Of interest for us is the
maximal partial Fourier transform

N/\ B
Cf(z) = sup / (&) e de
N 0o
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also known as Carleson’s operator on the real line. The crux of the matter is that follows
for T'= C from its representation as a maximally modulated Hilbert transform, a fact already
exploited in the classical weighted norm inequalities for C' by Hunt and Young [HY74], and in
the more recent work [GMS05|. Together with sharp forms of the Carleson-Hunt theorem near
the endpoint p = 1 [DP14] this allows, as observed by the first author and Lerner in [DPL14],
the domination of C' by sparse operators and thus leads to sharp weighted norm inequalities for
C.

In this article we consider the r-variation norm Carleson operator, which is defined for Schwartz
functions on the real line as

N ~\ /7

& ,
| J@ema

C,f(x) =sup sup
NENgo<-+-<&N

Jj=1

The importance of C,. is revealed by the transference principle, presented in [OSTTW12, Ap-
pendix B], which shows how r-variational convergence of the Fourier series of f € LP(T;w) for a
weight w on the torus T follows from LP(R;w)-estimates for the sub-linear operator C,.. Values of
interest for r are 2 < r < oo. Indeed the main result of [OSTTW12] is that in this range, C; maps
into L? whenever p > r’/, while no LP-estimates hold for variation exponents r < 2. Unlike the
Carleson operator, its variation norm counterpart C). does not have an explicit kernel form and
thus fails to yield to Hunt-Young type techniques. The same essential difficulty is encountered in
the search for L?-bounds for the nonlocal maximal function when T' = C,.. Therefore, the
approach via does not seem to be applicable to C,.. In the series [DL12aj;|[DL12b|, the second
author and Lacey circumvented this issue through a direct proof of A,-weighted inequalities for
C, and its Walsh analogue, based on weighted phase plane analysis.

The main result of the present article is that a sparse domination principle for C,. holds in spite
of the difficulties described above. More precisely, we sharply dominate the dual form to the
r-variational Carleson operator C,. by a single positive sparse form involving LP averages, leading
to an effortless strengthening of the weighted theory of [DL12a]. Our argument abandons in
favor of a stopping time construction, relying on the localized Carleson embeddings for suitably
modified wave packet transforms of [DPO15] by the first author and Yumeng Ou, and |Ural6] by
the third author. In particular, our technique requires no a-priori weak-type information on the
operator T'. A similar approach was employed by Culiuc, Ou and the first author in [CDPO16]
in the proof of a sparse domination principle for the family of modulation invariant multi-linear
multipliers whose paradigm is the bilinear Hilbert transforms. Interestingly, unlike [CDPO16],
our construction of the sparse collection in Section [3.4] seems to be the first in literature which
does not make any use of dyadic grids.

We believe that intrinsic sparse domination can prove useful in the study of other classes of
multi-linear operators lying way beyond the scope of Calderén-Zygmund theory, such as the
iterated Fourier integrals of [DMT17| and the sub-dyadic multipliers of [BB17].

To formulate our main theorem, we recall the notation

U= (1 [15a)". 1sp<oe

where I C R is any interval, and the notion of a sparse collection of intervals. We say that the
countable collection of intervals I € S is n-sparse for some 0 < 1 < 1 if there exist a choice of
measurable sets {E; : I € S} such that

Ercl, |Er| > ||, EiNE;=9 VI, Je§, I+#J.
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Theorem 3.1. Let 2 < r < oo and p > r'. Given f,g € C§°(R) there exists a sparse collection
S =S8(f,g,p) and an absolute constant K = K (p) such that

(Crfo )l < K(p) Y ITI(S) (3-2)

Ies

A corollary of Theorem is that C,. extends to a bounded sub-linear operator on L?(R) when-
ever ¢ > r’. As a matter of fact, let us fix g € (1, 00], and choose p € (1, ¢). Denoting by

M, f(z) = sup(f)rp
Iz

the p-th Hardy-Littlewood maximal function, the estimate of Theorem [3.1| and the fact that S
is sparse yields

(O S D BN 1p(9)1a < (MpfiMig) S IMpfllglIMaglly S 1f lallglle-
IeSs

Bounds on L7 for C,. were first proved in [OSTTW12|, where it is also shown that the restriction
q > 7’ is necessary, whence no sparse domination of the type occurring in Theorem will hold
for p < r’. We can thus claim that Theorem is sharp, short of the endpoint p = r’. In fact,
sparse domination as in also entails C,. : LP(R) — LP**(R). Such an estimate is currently
unknown for p = r/.

However, Theorem yields much more precise information than mere L?-boundedness. In
particular, we obtain precisely quantified weighted norm inequalities for C).. Recall the definition
of the A; constant of a locally integrable nonnegative function w as

sup<w>[,1<wﬁ>l1 l<t<oo
[w]a, == < ICR '
inf {A: Mw(z) < Aw(z) for a.e. z} t=1

Theorem 3.2. Let 2 <r < oo and q > 1’ be fivzed. Then
(i) there exists K : [1, %) — (0, 00) nondecreasing such that

max{l

IO s o oy < KOy,

(ii) there exists a positive increasing function Q such that fort = %
||CT||L‘I(R;w)%L‘1(R;w) < Q([w]a,)- (3.3)

We omit the standard deduction of Theorem from Theorem which follows along lines
analogous to the proofs of [CDPO16, Theorem 3] and |[LN15, Theorem 17.1]. Estimate (i) of
Theorem [3.2] yields in particular that

we A = |Cyllzamuysromay <00 Vr>max {2,201

an improvement over |[DL12a, Theorem 1.2], where L?(R;w) boundedness is only shown for

variation exponents r > max {Qt, qq—_tt} when w € A;. Fixing r instead, part (ii) of Theorem

ib bharp in the sense that ¢ = -Z is the largest exponent such that an estimate of the type of

is allowed to hold. Indeed, if . were true for any ¢ = qo € (',00) and some ¢t = L
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with s < 7/, a version of the Rubio de Francia extrapolation theorem (see for instance [CUMP11}
Theorem 3.9]) would yield that C,. maps L7 into itself for all ¢ € (s, 00), contradicting the already
mentioned counterexample from [OSTTW12].

We turn to further comments on the proof and on the structure of the paper. In the upcoming
Section we reduce the bilinear form estimate to an analogous statement for a bilinear
form involving integrals over the upper-three space of symmetry parameters for the Carleson
operator of a wave packet transforms of f and a variational-truncated wave packet transform of
g. The natural framework for LP-boundedness of such forms, the LP-theory of outer measures,
has been developed by the second author and Thiele in [DT15|. In Section we recall the basics
of this theory as well as the localized Carleson embeddings of [DPO15| and |Ural6]. These will
come to fruition in Section where we give the proof of Theorem A significant challenge
in the course of the proof is the treatment of the nonlocal (tail) components, which are handled
via novel ad-hoc embedding theorems incorporating the fast decay of the wave packet coefficients
away from the support of the input functions.
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3.2 Reduction to wave packet transforms

In this section we reduce the inequality to an analogous statement involving wave packet
transforms. Throughout this section, the variation exponent r € (2,00) is fixed, and we take
fyg € C§°(R). First of all we linearize the variation norm appearing in C,.. Begin by observing
that the map

SN ,
@or [ foea
is uniformly continuous. By duality and standard considerations

N & _
Crf(z) =sup _ sup sup Y F(¢)eedc.

N ECRHESN |{a;}l, <1 ;= §i-1

Therefore, (3.2)) will be a consequence of the estimate

&j(=)

Aealh-0) = [ a0 éam /

i-1(@) Ics

F(¢) e dc) de < K(p) Y {Hrplg)rn  (34)
with right hand side independent of N € N, £ C R,#E < N, and of the measurable ZN*1-
valued function &(z) = {&;(x)} with &(z) < --- < En(x), and CVFlvalued @(z) = {a;(x)} with
@)l = 1.

The next step is to uniformly dominate the form Ag.a( fyg) by an outer form involving wave
packet transforms of f and g; in the terminology of [DT15], embedding maps into the upper
3-space

(u,t,mn) €e X=R xRy xR.
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The parameters £, @ will enter the definition of the embedding map for g. We introduce the wave
packets

Yon(z) 1=t~ Lei g (%) . neER, te(0,00)

where v is a real valued, even Schwartz function with frequency support of width b containing
the origin. The wave packet transform of f is thus defined, as in [DT15], by

F(f)(u,t,n) = | f % teq(u)],

(u,t,m) € X. (3.5)

For our fixed choice of 5, a we introduce the modified wave packet transform of g that is dual
to (3.5) for the sake of bounding the left hand side of (3.4). Following [Ural6, Eq. (1.14)], it is
given by

Alg) s t,) = sup / Zaj WP S @ gy de|, (ut,n) € X, (3.6)

with supremum being taken over all choices of truncated wave packets \Iff;l’&’, that for each
t,n € Ry x R are functions in S(R) parameterized by £_,£, € 2. We summarize the basic
defining properties of the truncated wave packets in Remark below, and we refer to [Ural6)
for a precise definition.

The duality of the embeddings and is a consequence of the following wave packet
domination Lemma. We send to [Ural6) for the proof.

Lemma 3.3 (Wave packet domination). Let f, g, E,g,d’ be as above and consider the bilinear
form defined on the wave packets transforms, given by

Bea(f,9) = /X FOF)(u,t,m)A(g) (u, , ) dudtdy. (3.7)

Then
Az :(f,9) S Bz (F(f), Al9))

s

with uniform implied constant.

Using the above Lemma, we see that inequality (3.4) and thus Theorem will follow from the
bounds of the next proposition.

Proposition 3.4. Letp > 1’ be fixred. For all f,g € L>°(R) and compactly supported there exists
a sparse collection S = S(f,g,p) and an absolute constant K = K (p) such that

sup sup sup Bgo(f,9) < K(p) Y [{f)rpl9)ra (3-8)

N #EBE<N &g IcsS

where &, d range over =N CNFl_yalued functions as above.

We now make a brief digression to justify definitions (3.5]) and (3.6)) of the wave packet transforms
and the result of Lemma 3.3l Consider the term

&i(x) }
/ Fieiondy
&i—1(x)
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appearing in (3.4) and let us think for a moment of £;_1(z) = £_ and &;(x) = £, as frozen. Then
the following representation holds for the multiplier 1(¢_ ¢, )(():

1(5_,5+)(C)=/R XR@E,;’g*(C)dtdn (3.9)

where \Ilf;]’f* are truncated wave packets. Choosing a ¢ € S(R) such that @; ,(¢) = 1 whenever
\f/f;f* (¢) # 0 for any £ < &4 € R, we obtain the pointwise identity

&ix) )
[ RO = [ 1 punfawf OO - wdudedn,
&i—1(z) X

The results of Lemma follow by Fubini and the triangle inequality.

We briefly illustrate identity (3.9), for a more careful discussion we refer to [Ural6l Sec. 3].
Start by choosing ¢ € S(R) with 1Z non-negative and supported on a ball of radius b/2, and let
X € C5°(R) be a non-negative bump function supported on [d —e,d 4 €] with d > b and £ < b.
Suppose formally that £, = +o00 so that, up to a suitable normalization of y, a Littlewood-Paley
type decomposition centered at {_ of the multiplier 1(¢_ ;) gives

~

Le. 4o0)(0) = / B¢ — )Xty — £-))dtdn,

R+><R
A similar expression holds if £ = —oco and £, € R. We choose truncated wave packets so that
W5t (@) = e (2)X(En — €2)) Hn— ) < tEx — 1)
W (@) = Py ()X (HEr —n)) Ho—€2) > tEr — )
i () =0 g (€&,

Finally if t(n — &_) =~ t(&4 — n) then \I/f;,’&r is chosen to appropriately model the transition

between the above regimes and justifies identity (3.9).

Remark 3.5. In general we call a function \I/f;]’f+ € S(R) parameterized by £ < €L € R a
truncated wave-packet adapted to t,n € Ry x R if

e_intztlllf;.,’£+ (tl'), t_1(957 (e—intzt,ljf;lf+ (tl‘)) , t_18§+ <€_mt2t\llf;l’€+ (t.%‘))

are uniformly bounded in S(R) as functions of x. Furthermore we require that \Tlf;f* be supported
on (n—t=1b, n+t=1b) for some b > 0. Finally, for some constants d,d’,d" > 0 and € > 0 it
must hold that

E_ &y L Jtn—¢&-) e(d—¢e,d+e)
vt #0 only if {t(§+ ) > d >0

Be, W5, =0 ift(€y —n)>d">d >0.

(3.10)

3.3 Localized outer L” embeddings

We now turn to the description of the analytic tools which are relied upon in the proof of estimate
(3-2). We work in the framework of outer measure spaces [DT15], see also [CDPO16; DPO15]|.
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In particular, we define a distinguished collection of subsets of the upper 3-space X which we
refer to as tents above the time-frequency loci (I,€) where I is an interval of center ¢(I) and
length |I|, and £ € R:

T(I,&) :=TH I, UT(L,¢),
TO(L,€) == {(u,t,n) : tn —t& € ©°,t < |I|,|u—c(I)| < |I| — t}
THLLE) == {(u,t,n) 1 tn —t£ € ©\ ©°%t < |I|,|u—c(I)| < |I| — t}

where ©° = [37, 7], © = [a™, "] are two geometric parameter intervals such that 0 € ©° C ©.
The specific values of the parameters do not matter. What is important that given the geometric
parameters of the wave packets appearing in and there exists a choice of parameters
of the tents such that the statements of the subsequent discussion hold. For example it must
hold that (—b,b) C ©° where b is the parameter that governs the frequency support of ¢, and
\Ilf;]’@’. For a complete discussion see |Ural6, Sec. 2]. As usual, we denote by p the outer
measure generated by countable coverings by tents T(I,€),I C R,£ € R via the pre-measure
T(1,€) > |1,

Let s be a size [DT15], i.e. a family of quasi-norms indexed by tents T, defined on Borel functions
F : X — C. The corresponding outer-LP space on (X, u) is defined by the quasi-norm

1
1Flero = (o [0t > 0an) " 0<pe,
0

((s(F) > \) = inf {M(E) FECX, sups (Flxp) (T) < /\}

where the supremum on the right is taken over all tents T = T(I,£). We will work with outer
LP spaces based on the sizes

2

e 1
<)M = ([ PP dudian) 4 s (Pt
’ u,t,m)e

1 L
s"(A)T) = (m/T|A(u,t,n)2dudtdn> +|I|/T |A(u, t,n)| dudtdn

that are related to the two embeddings (3.5) and (3.6 respectively. The dual relation of the
sizes s¢,s™ is given by the fact that for any two Borel functions F, A : X — C there holds

/T |F(u,t,n)A(u, t,n)| dudtdn < 2s°(F)(T)s°(A)(T).

The abstract outer Hélder inequality [DT15, Prop. 3.4] and Radon-Nikodym type bounds [DT15|
Prop. 3.6] yield

/T|F(u,t777)14(u,t,77)|dudtd77 S IF e Al o) (3.11)

whenever 1 < g,7 < oo are Hélder dual exponents i.e. % + % =1.

The nature of the wave packet transforms f — F(f), g+ A(g) defined by (3.5), is heavily
exploited in the stopping-type outer LP-embedding theorems below. We state the embedding
theorems after some necessary definitions. It is convenient to use the notation

T) :={(u,t,m) : t < ||, lu—c(I)| < |I|] —¢t, n € R}
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for the set of the upper 3-space associated to the usual spatial tent over I. Given an open set
E C R we associate to it the subset of T(E) C X given by

TE)=JTWU) (3.12)

ICE

where the union is taken over all intervals I C E.
The first stopping embedding theorem, a reformulation of a result first obtained in [DPO15|,
deals with the wave packet transform f +— F(f) of (3.5).

Proposition 3.6. Let 1 < p < 2, 0 € (p/,00), then there exists K > 0 such that the following
holds. For all f € Li (R), all intervals Q, and all ¢ € (0,1) there exists an open set Uy, o
satisfying

Ut pl < cl@l,

such that )
| F(fLl30)1r\TW; p.0) ||La(se) < KIQI7 (f)3q.p- (3.13)

The embedding theorem we use to treat the variationally truncated wave packet transform g —
A(g) of (3.6) stems from the main result of [Ural6).

Proposition 3.7. Let 7 € (r',00), then there exists K > 0 such that the following holds. For
all g € Li (R), all intervals Q and all ¢ € (0,1) there exists an open set Vy1.¢ satisfying

Vo1.ql <@l

such that )
||A(913Q)1T(Q)\T(Vg,1,@)||Lr(sm) < K|Q|7 (9)3@.1- (3.14)

We stress that the constant K in Proposition does not depend on the parameters @, 5, =N
appearing in the definition of the map A.
The above two propositions appear in [Ural6] in a somewhat different form that uses the notion
of iterated outer measure spaces introduced therein. We derive the statement of Propositions
by using the weak boundedness on L!(R) of the map of [Ural6, Theorem 1.3]. In particular
that result, applied to the function glsg for A = cK(g)30,1, yields a collection of disjoint open
intervals Z and o

Voi,q = U I, Vo1,0] < %

IeT

so that holds as required. We conclude by choosing K > C/c. A similar procedure can be
used to obtain Proposition from [Ural6, Theorem. 1.2].
In effect, we have shown that the formulation of the boundedness properties of the embedding
maps and as expressed in Propositions and are equivalent to the iterated
outer measure formulation of |[Ural6]. Furthermore the use of iterated outer measure LP norms
allowed us to bootstrap the above results to L} (R) generality from an a-priori type statement,
as illustrated in |[Ural6} Section 2.1].

3.4 Proof of Proposition |3.4

Throughout this proof, the exponent p € (1, 00) is fixed and all the implicit constants are allowed
to depend on r,p without explicit mention. Since the linearization parameters play no explicit
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role in the upcoming arguments we omit them from the notation, assume them fixed and simply
write B(f,g) for the form Bgﬁ(f, g) defined in (3.7). Given any interval ), we introduce the
localized version

Bo(f.g) = / F(F) (s ) A(g) (u £, 17) dudidy. (3.15)
T(Q)

3.4.1 The principal iteration

The main step of the proof of Proposition is contained in the following lemma, which we will
apply iteratively.

Lemma 3.8. There exists a positive constant K such that the following holds. Let f,g € L>®(R)
and compactly supported, and Q C R be any interval. There exists a countable collection of
disjoint open intervals Ly such that

Urcae > <24 (3.16)
I€Zg IcZg
and such that
B (f130:9130) < KIQI(f)30.(9)s0.1 + Y Br(flar, glar). (3.17)
Iclyg

The proof of the lemma consists of several steps, which we now begin. Notice that there is no
loss in generality with assuming that f, g are supported on 3Q: we do so for mere notational
convenience.

Construction of 7,

Referring to the notations of Section [3.3] set

Erq=UrpoU{z €ER:Mpf(z) > {f)squn}
Eyq=Vy10U{z €R: Mg(z) > c_1<g>3Q,1} ,
Eq=QnN(ErqUEqQ).

Write the open set Eg as the union of a countable collection I € Zg of disjoint open intervals.

Then (3.16) holds provided that c is chosen small enough. Also, necessarily 31 N E¢, # @ if
I €1g, so that

dnf Myf(2) S (flsqp,  Inf Mig(2) S (9)sq.1- (3.18)
For further use we note that, with reference to the notations of Propositions [3.6] and
T@N\T(E) c T@)\ (TWUrp.0) UT(Vy1,0)) (3.19)

This completes the construction of Zg.

Proof of (3.17)
We begin by using (3.12) to partition the outer integral over T(Q) as

Bolfo) < [ F(DAW) dudtdn+ 3 Bi(f.g) (3.20)
T(Q\T(Eq) Ielq
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Choosing 7 € (', p), the dual exponent o = 7 € (p’, 00). By virtue of (3.19), we may apply the
outer Holder inequality (3.11)) and the embeddings Propositions and to control the first
summand in (3.20) by an absolute constant times

PO 1@t 0l o e 4D Tw 0| 1 o0y S QU P30 (9)30.1-

We turn to the second summand in (3.20)), which is less than or equal to

> Bi(flangls) + Y > Bi(f1r,9lp).
Ielq (a,b)e{in,out}? I€1q
(a,b)#(in,in)
where I = 31,1°"* = 3Q \ 3I. The first term in the above display appears on the right hand
side of (3.17). We claim that

> Bi(flrglp) S1QNsep(9)sea,  (a,b) # (in,in) (3.21)

Iclqg

thus leading to the required estimate for (3.17). Assume a = in,b = out for the sake of definite-
ness, the other cases being identical. Fix I € Zg. We will show that

Br(f1lrm, glrow) S (f)30.0(9)30.1- (3.22)

whence (3.21]) follows by summing over I € Zg and taking advantage of (3.16).

Proof of (3.22)
We introduce the Carleson box over the interval P
box(P) = {(u,t,n) € X:u € P, 1|P| <t < |P|}

Fix I € Zg. At the root of our argument for (3.22)) is the fact that supp glre lies outside 31.
This leads to the exploitation of the following lemma, whose proof is given at the end of the
paragraph.

Lemma 3.9. Let P be any interval, h € LY. _(R), and 7,0 as above. There holds

loc

1 dist(P, supp h) -1
sy S|PIT i Sl e 4 A ,
A s -0y 5 1P (14 nf k() (329
1 dist(P,supp h) -0
ey < |P|7 bt Gl ade) oL . .
|1 (h) Lpox(P)ll Lo (se) S|P (1 + Pl £16rgfp M,ph(z) (3.24)

Now let P € Py (I) be the collection of dyadic subintervals of I with |P| = 27*|I|. If P € P.(I)
there holds dist(P, I°'t) > |I| = 2*| P|. Moreover

>ooIpl=11|, inf Myh(z) < 2F inf Myh(z)
xe3P €3l
PePr(I)

for all locally integrable h. Since

ThHcl) U box(P)

k=0 PePy(I)
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we obtain, using the outer Holder inequality (3.11]) to pass to the third line, the chain of inequal-
ities

Bf(f1pn,g1put)gz Z / F(f1m)A(g1ox) dudtdn
k>0 PcPy(I) box(P)

<3 YT NF L) Loox(py o s0) 1 AlgL 1) oo | (sm)
k>0 PePy (1)

S5 % 1P (int Ms) (2 it Moo

k>0 PPy (1)

<o Y17 (ot Mof@) ) (nf, Migte) ) 101, My (o)) (g Mgt )

k>0 PEPL(I)
which, by virtue of (3.18]), complies with (3.22)).
Proof of Lemma[3.9 We show how estimate ([3.23) follows from Proposition Then, (3.24) is

obtained from Proposition [3.6]in a similar manner. By quasi-sublinearity and monotonicity of
the outer measure L7 (s™) norm we have that

A7) Loox(p) | L7 (5

> (3.25)
< CJIA(hop) Lbox(p) lLr sy + D CHILA(hL3x pr3i-1.p) Lpox(p)ll L (s)-

k=3
Applying the embedding bound (3.14)) with ¢ = 372 and @ = 3P provides us with V1 3p such
that box(P) C T(9P) \ T(Vi,1,3p), whence

I A(hLop ) Loox(p) || L7 (sm) < CK|P|7 (h)op1 < CK|P|* nf M h(x).

Indeed, we chose ¢ in such a way that |V, 1 3p| < 371Q, which guarantees that T(V} 1,9p) does
not intersect box(P). We claim that similarly we have that for £ > 2 and for an arbitrarily large
N > 1 there holds

||A(hl3kp\3k—lp)lbox(}3)||LT(5m) < CK3_Nk|P|% <h>3kp71 < C’I(‘P‘%?)_NIc :cIGHSfP Mlh(l‘)

Let
(u,t, ) > W55 (- — )

be a choice of truncated wave packets which approximately achieves the supremum in
A(hlskp\gk—lp)(u, t, 77),

cf. (3.6). Then

7 w)—c 2N
\Ili_n’f%—(. —u) = (1 4 W) \ijm 5+(' )

are adapted truncated wave packets as well since multiplying by a polynomial does not change the
frequency support of \Iff;l’f+ and so the conditions on being truncated wave packets is maintained.

,§+(,

Let Av(hlgkp\gk—lp)(u, t,n) be the embedding obtained by using the wave packets \Ilf’n —u)

instead of \Iff’n&*( —u). Given that (u,t,n) € box(P) we have that

|[A(hLze prge-1p)(u, t, )| < C372NF A(hdge prge-1p) (us t, ).
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However the bounds (3.14) also hold for A with an additional multiplicative constant that de-
pends at most on N. Applying these bounds with P = 3*~1Q and ¢ = 37* we have once again
that

| A(hLgx pr3x—1 p) Loox() || 17 (sm) < CK|P|7 3% (R)sepy.

As long as N is chosen large enough with respect to C' > 1 appearing in (3.25)), the above display
gives the required bound. The decay factor in term of dist(P,supp h) follows from the fact that
the the first ko terms in (3.25) vanish if supph N3P = &. O

3.4.2 The iteration argument

With Lemma in hand, we proceed to the proof of Proposition Fix f,g € L*>(R) with
compact support. By an application of Fatou’s lemma, it suffices to prove with Bg, in lieu
of B for an arbitrary interval Qo with supp f,suppg C Q. That is, it suffices to construct a
sparse collection S such that

Bq,(f,9) <C_I1|(f (3.26)
IeS

provided that the constant C' does not depend on QQg. We fix such a @Qy. Furthermore, as
Bao(/.9) =swpBa,.(f0). Boclfig)= [ oy PO A )Ty dudy
g

it suffices to prove :3.26 with Bg, . replacing Bg,, with constants uniform in € > 0. We also
notice that Lemma olds uniformly, if one replaces all instances of Bg in by Bg.e.
From here onwards we fix € > 0 and drop it from the notation.

We now perform the following iterative procedure. Set Sy = {Qo}. Suppose that the collection
of open intervals @ € S,, has been constructed, and define inductively

n+1 U IQ

QES’VL

where I is obtained as in the Lemma It can be seen inductively that
QES, = QI <27|Qul-

We iterate this procedure as long as n < N, where N is taken so that 2712V|Qg| < € holds. At
that point we stop the iteration and set

N
= sn
n=0

Making use of estimate (3.17)) along the iteration of Lemma we readily obtain

B, (f,9) Z Z 1QI(f)30.p(9)30.1 + Z Z Br(f1s1,913r) = Z 1QI(f)3q.r(9)30.1

n=0 QeS, QESN I€Zq QES*

as each term By, I € Sy vanishes by the condition on N. Now, observing that the sets

Xe=Q\[ U 1=\ UT Qes*

1€S*:ICQ I€Tq

are pairwise disjoint and, from (B.16)), |Q\Xg| > (1 — 2712)|Q)| yields that S* is sparse, and so
is § = {3Q : Q € S*}. This completes the proof of Proposition
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