Homework 4 Solutions
Combinatorics
Fall 2026

The write-ups below model the amount of explanation expected in a complete handwritten submission.

0.1 A board with separate components

Problem. The diagram shows two allowed boards, B and B’. Board B consists precisely of the white
squares in the left panel. Board B’ consists of the same white squares together with the additional white
square (1,5), shown in the right panel. In both diagrams, gray squares are forbidden and may not contain a
rook.
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Figure 1: The two allowed boards in the separate-components problem.
Figure description: Two fully gridded five-by-five boards with numbered rows and columns. In B, the white allowed
squares are the top-left and bottom-right two-by-two blocks; every other square is gray and forbidden. In B prime, those
same squares are white, as is the additional square (1,5); all other squares are gray and forbidden.

(A) Find the rook polynomial of each of the two 2-by-2 components of B.
(B) Use the disjoint-board product rule to find Rp(x).

(C) Find Ry (). Use the select—not-select rule to discuss the square (1,5).
Solution.

(A) A full 2-by-2 board has one empty placement, four one-rook placements,
and two two-rook placements. Therefore each component B; has

Rp (z) = 1+ 4x 4 22°.

(B) The two components use disjoint rows and columns, so their rook polyno-
mials multiply:
Rp(x) = (1 + 4z + 222)?

=|1+ 8z + 2022 + 163 + 4x*|.

(C) Let s = (1,5). If s is not selected, the board is B. If s is selected, row 1 and
column 5 are removed, leaving a 1-by-2 component and a 2-by-1 component.




Each has rook polynomial 1+ 2z. Thus

Ry (z) = Rg(x) + x(1 + 2z)?
= (1 + 8z + 2022 + 1623 + 42%) + (x + 422 + 423)

= |1+ 92 + 2422 + 2023 + 42 |.

0.2 Rook numbers by inclusion—exclusion

Problem. Let B be the 4-by-4 board in the figure below. The white squares in the diagram are the allowed
squares of B; the three gray squares are forbidden.

In this exercise we will use the principle of inclusion—exclusion to count rook numbers. This is efficient
because there are very few forbidden squares.
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Figure 2: The allowed board B for the inclusion—exclusion calculation.
Figure description: A fully gridded four-by-four board with white allowed squares at every position except the gray
forbidden squares (1,1), (1,4), and (4,1).

Let U, be the set of placements of k nonattacking rooks on the full 4-by-4 grid. The rook number r,(B) is
the number of placements of k nonattacking rooks on the board B.
Write the following three conditions on a placement in U,:

C, = “a rook is not on (1,1),” Cy = “a rook is not on (1,4),” C3 = “a rook is not on (4,1).”
(A) Find |U,| for each k =0,1,2,3,4.
(B) For each k =0,1,2,3,4, compute the number of placements in each of
ce. s G
and in each pairwise intersection
cinas, cyncs, csnCs.

Also determine |C{ N C§ N CS|. Explain which intersections are empty and why. Be careful: whether
intersections are empty may depend on k.



(C) Apply inclusion—exclusion to find r,(B) for each k =0,1,2,3,4.
Solution.
(A) Choose the k rows, choose the k columns, and match them in k! ways.

Therefore
U,| = C(4, k)2,

ko 1 2 3 4
U[1 16 72 96 24.

(B) In C¢, one rook is fixed on the corresponding forbidden square. The other
k—1 rooks lie on a full 3-by-3 board, so

|IC¢| = C(3,k—1)%(k—1)!

for k> 1, and the value is O for k = 0.

The squares (1,1) and (1,4) share row 1, so C{NC5 is empty. The squares (1,1)
and (4,1) share column 1, so C{NC5 is also empty. The squares (1,4) and (4,1)
lie in different rows and columns. After fixing rooks on both, the other k—2
rooks lie on a full 2-by-2 board, so for k > 2,

ICSNCE| = C(2,k —2)2(k — 2)!.

The triple intersection is also empty because it contains the two incompatible
same-row or same-column pairs. Therefore

k 012 34
Cfl=1C5|=1C51 |0 1 9 18 6
leidaked 000 00
|Ce N Cgl 000 00
ICS N Cgl 001 42
icencsncg |00 0 00

(C) Let s, = |C¢| and g, = |C5 N CS|. Inclusion--exclusion gives
ri(B) = Ukl = 3sp, + qu.-

Using the values above,
kK jo 1 2 3 4
re(B)|1 13 46 46 8.

Therefore




0.3

Separate variables before recording value

Problem. There are 5 2-cent coins on the table. There are also as many 3-cent and 7-cent coins as you
need. How many selections of these coins have total value 30 cents?
Suppose u, v, and w record the numbers of 2-cent, 3-cent, and 7-cent coins, respectively.

(A)

(B)
(©)

Write a generating function for the possible numbers of 2-cent coins using u. Do the same for the
possible numbers of 3-cent and 7-cent coins using v and w, respectively. Truncate each series at the
highest exponent that could matter for a total of 30 cents.

Replace u, v, and w with appropriate powers of ¢ to obtain generating functions that record total value.

Use the product of these generating functions to find the number of selections. Identify the coefficient
whose value is the answer. You may use https://sagecell.sagemath.org/ to expand the product,
but show your generating-function setup. For example, the code to compute (1+xz+x%423)(1+2% +2?)
is

var('x"')

f=0+x+x"2+x73) % (1+x72+x74)

show( f.expand() )

Solution.

(A) The generating functions for the possible numbers of coins are

14+ u+u?+ud+ut +ud, 1+v4+02 4+ 00 14+ w+ w? +w? +wt.

The last exponents are 10 and 4 because at most ten 3-cent coins or four
7-cent coins can contribute to 30 cents.
(B) Substituting u=t?, v=1t3, and w=1" gives

(C) Let

Ft)= 1+ 4+ +t0)1+ 3+ +t3)

The answer is [t*°]|F(t). For each possible number w of 7-cent coins, the re-
maining counts satisfy 2u + 3v =30 — 7w with 0 < u < 5:

AW N~ O

The table contains nine solutions, so

[t30]F(t) = 9.



https://sagecell.sagemath.org/
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